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introduced by us sometimes ago, is extended to the case of supergravity with non maximal 
supersymmetry. Here a new key feature is provided by the non-maximal split nature of 
the scalar coset manifold. To deal with this, one has to consider the theory of Tits Satake 
projections leading to maximal split projected algebras, where the compensator method 
Qh! can be successfully applied and interesting solutions that display several smooth bounces 

can be derived. The generic bouncing feature of all exact solutions can thus be checked. 
From the analysis of the Tits Satake projection emerges a regular scheme applicable to 
all non maximal supergravity models and in particular a challenging so far unobserved 
structure, that of the paint group G pa i n t. This latter, which is preserved through dimensional 
reduction, provides a powerful tool to codify solutions of the exact supergravity theories 
in terms of solutions of their Tits Satake projected partners, which are much simpler and 
manageable. It appears that the dynamical walls on which the cosmic ball bounces come 
actually in painted copies rotated into each other by the paint group. So the effective 
cosmic dynamics is that dictated by the maximal split Tits Satake manifold plus paint. In 
the present paper we work out in all minor details the example provided by N = 6, D = 
4 supergravity, whose scalar manifold is the special Kahlerian SO*(12)/SU(6) x U(l) c- 
mapping in D = 3 to the quaternionic E7/ 5)/SO(12) x SO(3). This choice was not random. 
It is the next one after maximal supergravity and at the same time can be reinterpreted in 
the context of N = 2 supergravity. We plan indeed, in a future publication, to apply the 
results we obtained here, to the discussion of the Tits Satake projection within the context 
of generic special Kahler manifolds. We also comment on the merging of the Tits-Satake 
projection with the affine Kac-Moody extension originating in dimensional reduction to 
D = 2 and relying on a general field-theoretical mechanism illustrated by us in a separate 
paper. 
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1 Introduction 



The cosmological implications of superstring theory have been under attentive consideration in 
the last few years from various viewpoints pQ. This involves the classification and the study 
of possible time-evolving string backgrounds which amounts to the construction, classification 
and analysis of supergravity solutions depending only on time or, more generally, on a low 
number of coordinates including time. In this context a quite challenging and potentially highly 
relevant phenomenon for the overall interpretation of extra-dimensions and string dynamics is 
provided by the so named cosmic billiard phenomenon [Hj,[Z|- This is based on 

a profound link between the features of time evolution of the cosmological scale factors and 
the algebraic structure of string theory duality groups. As it is well known, the dualities that 
unify the various perturbative quantum string models into a unique M-theory are elements of 
a unified group U(Z) which is the suitable restriction to integers of a corresponding Lie group 
U(R) encoded in the low energy limit of superstrings, namely supergravity. The group U = U(1R) 
appears as isometry group of the scalar manifold Ai scalar emerging in compactifications of 10- 
dimensional supergravity to lower dimensions and crucially depends on the geometry of the 
compact dimensions and on the number of preserved supersymmetries Nq < 32. For Nq > 8 
the scalar manifold is always a homogeneous space U/H and what actually happens is that 
the cosmological scale factors ai(t) associated with the various dimensions of space-time can 
be interpreted as exponentials of those scalar fields hi(t) which lie in the Cartan subalgebra of 
U, while the other scalar fields in U/H correspond to positive roots a > of the Lie algebra 
U. In this way the cosmological evolution is described by the motion of a fictitious ball in the 
CSA of U. This space is actually a billiard table whose walls are the hyperplanes orthogonal 
to the various roots. The fictitious ball bounces on the billiard walls and this means that there 
are inversions in the time evolution of scale factors. Certain dimensions that were expanding 
almost suddenly begin to contract and others do the reverse. Such a scenario was introduced 
by Damour, Henneaux, Julia and Nicolai in |2,, and in a series of papers with collaborators 
El; which generalize classical results obtained in the context of pure General Relativity 

[7j,[S]. In this approach the cosmic billiard phenomenon is analyzed as an asymptotic regime 
in the neighborhood of space-like singularities and the billiard walls are seen as delta function 
potentials provided by the various p-forms of supergravity localized at sharp instants of time. 

It was observed in [H] that the fundamental mathematical setup underlying the appearance 
of the billiard phenomenon is the so named Solvable Lie algebra parametrization of supergravity 
scalar manifolds, pioneered in [U] and later applied to the solution of a large variety of su- 
perstring/supergravity problems, including the structure of super symmetric black-hole solutions 
[TU| , [TT] , the construction of gauged SUGRA potentials [12], [13] and several other issues (for a 
comprehensive review see [E]). Indeed we pointed out in those papers that, thanks to the solvable 
parametrization, one can establish a precise algorithm to implement the following programme: 

1. Reduce the original supergravity in higher dimensions D > 4 (for instance D = 10, 11) to a 
gravity-coupled a-model in D < 3 where gravity is non-dynamical and where the original 
higher dimensional bosonic field equations reduce to geodesic equations for a solvable group- 
manifold metrically equivalent to a non compact coset manifold exp [Solv (U/H)] = U/H. 

2. Utilize the algebraic structure of the solvable Lie algebra Solv (U/H) in order to integrate 
analytically the geodesic equations. In particular we introduced in [S] a general method 
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of integration, named the H -compensator method which reduces the geodesic differential 
equations to a triangular form and hence to quadratures when U/H is maximally split, 
which is always the case when supersymmetry is maximal (Nq = 32) 

3. Dimensionally oxide the solutions obtained in this way to exact time dependent solutions of 
D > 4 supergravity. In particular we showed in [SJ that the oxidation process is not unique 
but is algebraically classified by the embedding of Weyl orbits of subalgebras GcU. Indeed 
the analytic structure of the solution is fully determined only by the algebraic structure 
of G. Its physical interpretation varies and depends on the explicit embedding G h> U. 
In this way each solution in D < 3 corresponds to an entire orbit of higher dimensional 
backgrounds, very different from one another, but dual to each other under transformations 
of the Weyl group W = Weyl(XJ). 

Within this approach it was proved in [HJ that the cosmic billiard phenomenon is indeed a general 
feature of exact time dependent solutions of supergravity and has smooth realizations. Calling 
h(t) the r-component vector of Cartan fields (where r is the rank of U) and h a (t) = a ■ h(t) its 
projection along any positive root a, a bounce occurs at those instant of times ti such that: 

3a E A+ \ h a (t)\ t=u =0 (1.1) 

namely when the Cartan field in the direction of some root a inverts its behaviour and begins 
to shrink if it was growing or viceversa begins to grow if it was shrinking. Since all higher 
dimensional bosonic fields (off-diagonal components of the metric g^ v or p-forms A^) are, via 
the solvable parametrization of U/H, in one-to-one correspondence with roots <p a <^ a, it follows 
that the bounce on a wall (hyperplane orthogonal to the root a) is caused by the sudden growing 
of that particular field <fr a . Indeed we showed in |8j that in exact smooth solutions which we were 
able to obtain by means of the compensator method, each bounce is associated with a typical 
bell-shaped behaviour of the root field 4> a and that the whole process can be interpreted as a 
temporary localization of the Universe energy density in a lump on a spatial brane associated 
with the field <p a . 

Although very much encouraging the analysis of jH] was still limited in three respects: 

a The dimensional reduction process which is responsible for making manifest the duality algebra 
U and hence for creating the whole algebraic machinery utilized in deriving the smooth 
cosmic billiard solutions was stopped at D — 3, namely at the first point where all the 
bosonic degrees of freedom can be represented by scalars. In D = 3, U is still a finite 
dimensional Lie algebra and the whole richness of the underlying algebraic structure is not 
yet displayed. As it is well known [T^], in D = 2 and D = 1, the algebra U becomes a 
Kac-Moody algebra, affine or hyperbolic, respectively. The smooth billiard dynamics has 
to be reconsidered and extended in view of this. 

b The constructions of [8J depend, in some crucial points, on the assumption that the coset U/H 
corresponds to a pair {U, 1 C U} of Lie algebra and Lie subalgebra which is maximally 
split. This is always the case for maximal supersymmetry Nq = 32 but it is not true for 
Nq < 32. Extending the iJ-compensator method to non maximally split pairs {U, H C U} 
is necessary in order to discuss billiard dynamics in lower SUSY theories and hence in 
compactifications of string theory on internal manifolds hAmtemai with restricted holonomies 
and G-structures, with or without fluxes. 
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c The solutions considered in [S] were solutions of the pure cx-model, namely of pure, ungauged 
supergravity. The extension also to gauged supergravities is mandatory in order to make 
contact with potentially realistic models, in particular with currently considered flux com- 
pactifications. [TH] 

In a recent paper J7j we have begun to address point a) of the above list. There we have shown 
that the mechanism outlined several years ago by Nicolai JBj as the origin of the Kac Moody 
extension of the duality algebra which appears in D = 3 when you step down to D = 2, namely 
the existence of two non-locally related dimensional reduction schemes D = 4 t— > D = 2, the 
Ehlers reduction and the Maztner Missner reduction, can be formulated in a general set up which 
provides a regular scheme of analysis both at the algebraic and at the field theoretical level and 
which applies to all supergravity theories. In particular we have shown that the Vd=3 algebra 
emerges from the Ehlers reduction and has the following general decomposition with respect to 
the Uo=4 algebra: 

adj(U D=3 ) = adj(U D=4 ) © adj(SL(2, R) E ) © W {2 , w) (1.2) 

where W is a symplectic representation of Ud=4 determined by the vector fields in the parent 
D = 4 supergravity and SL(2, M)e/0(2) is the target space for a a-model which encodes the 
degrees of freedom of pure Einstein gravity. Continuing the Ehlers reduction from D = 3 to 
D = 2 we obtain a Lagrangian with the same symmetry 

ugL 2 = U D=3 (1.3) 

Alternatively, following the Matzner Missner reduction scheme we obtain a twisted a-model with 
symmetry 

Uglf 1 = U D=4 © SL(2,M) M M (1-4) 

where SL(2, M)mm/0(2) is the target space for a cr-model also encoding the degrees of freedom 
of pure Einstein gravity. The Matzner Missner SL(2,R)[mm] group, however, is not the same as 
the Ehlers one SL(2,R)[e] and U^l^ 1 ', U^L 2 are just two different finite dimensional subalgebras 
of the same infinite dimensional one Vd=2, which is nothing else but the affine Kac-Moody 
extension of Ud =3 : 
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U D =2 = U£ =3 (1.5) 



Understanding the general pattern for the Kac-Moody extension and mastering its field theo- 
retical realization provides the necessary basis for the construction of smooth billiard solutions 
which rely on the full fledged Lorentzian signature CSA, lying behind supergravity. This we 
emphasized and begun to exploit in [TTj . 

In the present paper we address point b) of the list mentioned above. 

Our starting point is ungauged supergravity in D = 4, whose bosonic lagrangian takes the 
following general form: 



£W = ^det 
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+ \ReN^F^Ff a e^ (1.6) 
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In eq. fjl.6j) <p a denotes the whole set of ns scalar fields parametrizing the scalar manifold M.® ca i ar 
which, for Nq > 8, is necessarily a coset manifold: 

mssl = (i-7) 

For Nq < 8, eq. (jl.7jl is not obligatory but it is possible. Particularly in the Af = 2 case, i.e. for 
Nq = 8, a large variety of homogeneous special Kahler or quaternionic manifolds fall into 
the set up of the present general discussion. The fields <p a have a-model interactions dictated by 
the metric h a b(4>) of M.^^ ar - The theory includes also n vector fields for which 

t-±|A _ l 
J ~[li> — 2 

denote the self-dual (respectively antiself-dual) parts of the field-strengths. As displayed in 
eq. (jl.6j) they are non minimally coupled to the scalars via the symmetric complex matrix 

A/" A s(0) = i IraA/As + ReA^As (1.9) 

which transforms projectively under Ud=4- Indeed the field strengths F^ u plus their magnetic 
duals fill up a 2 n-dimensional symplectic representation of Ud=4 which we call by the name of 
W. 

The main point in the analysis of billiard dynamics for the lower SUSY cases is that the pair 
{Ud =4 , H C Ud =4 } is generically not maximally split. This implies that Ud =3 , whose decompo- 
sition with respect to Ud=& is always given by eq. (jl.2j) is also not maximally split. This happens 
since, in these cases, Ud =4j 3 is a real section of the corresponding complex Lie algebra U(C) dif- 
ferent from the maximally non compact one. Indeed it is only for the maximally non-compact 
real section that: 

1. All Cartan generators Tii are non compact and belong to the Solvable Lie algebra: V? 
Hi G Solv(V/B.). 

2. All step operators E a associated with positive roots belong to the solvable algebra: Vet > , 
E a E Solv(U/K). 

3. The maximal compact subalgebra HI C U is the span of all generators E a — E~ a , for all 
positive roots Vet > 0. 

Since items 1-3 in the above list are essential ingredients in the algorithm to derive exact solutions 
developed by us in j^j, it is evident that our set-up has to be reconsidered carefully in the more 
general case. 

In this paper we make an in depth analysis of a specific example of a non maximally split 
manifold Ud=4/H, that of M = 6 supergravity, from which we extrapolate a general elegant result 
which reduces the non-maximally split cases to associated maximally split ones allowing, in this 
way, the extension of the compensator method to all values of Nq and hence the derivation of 
exact solutions in all instances. 

As we are going to see our present results concerning point b are quite relevant also for the 
appropriate discussion of point a as well. Indeed the concept of painted walls that will emerge 
and that of paint group G pa i nt are invariant by dimensional reduction and apply also to the 
Kac-Moody extensions. 

In the next subsection we summarize the main result of our paper. 
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1.1 Tits Satake subalgebras and painted walls 

In the case of non maximally non-compact manifolds U/H the Lie algebra U of the numerator 
group is some appropriate real form 

U = G R (1.10) 

of a complex Lie algebra G(C) of rank r = rank(G). The Lie algebra EI of the denominator H 
is the maximal compact subalgebra IcU which has typically rank r compact > r. Denoting, as 
usual, by K the orthogonal complement of H in Gr: 

G/j = H©K (1.11) 

and defining as non compact rank or rank of the coset U/H the dimension of the non compact 
Cartan subalgebra: 

r nc = rank (U/H) = dimft nc - ; H n ' c - = CSA G(C) f] K (1.12) 

we obtain that r nc < r. The manifold U/H is still metrically equivalent to a solvable group 
manifold M So iv = exj)[Solv (U/H)] and the field equations of super gravity still reduce to geodesic 
equations in M So i v , which can be reformulated as first order equations by using the constant 
Nomizu connection (see jH]): 

Y A + T A BC Y B Y C = (1.13) 

Nomizu 

but it is the form of the Solvable Lie algebra Solv (U/H), whose structure constants define the 
Nomizu connection, which is now more complicated and apparently does not allow the immediate 
use of the compensator method for the solution of equations (|1.13|) . Yet the system (|1.13|) can 
be reduced to an equivalent one which is maximally split and can be solved with the methods 
of jH] . This is a consequence of Tits-Satake theory of non compact cosets and split subalgebras 
and, within such a mathematical framework of a peculiar universal structure of the solvable 
algebra So/t^U/H) that, up to our knowledge, had not been observed before. Explicitly we 
have the following scheme. Splitting the Cartan subalgebra into its compact and non compact 
subalgebras: 

csA Gfl = iH comp © n n - c - 

t t (1-14) 

csA G(c) = n comp © n n - c - 

every vector in the dual of the full Cartan subalgebra, in particular every root a can be decom- 
posed into its parallel and transverse part to Ti n c -. 

a = a\\ © a± (1-15) 

Setting all a± = corresponds to a projection: 

n : A G h-y A (1.16) 

of the original root system A G onto a new system of vectors living in an euclidean space of 
dimension equal to the non compact rank r nc . A priori this is not obvious, but it is nonetheless 
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true that A is by itself the root system of a simple Lie algebra Gts, the Tits-Satake subalgebra 
of G R : ^ 

A = root system of Gts C Gr (1-17) 

The Tits-Satake subalgebra Gts C Gr is always the maximally non compact real section of its 
own complexification. For this reason, considering its maximal compact subalgebra Hts C Gts 
we have a new smaller coset Gts/Hts which is maximally split and whose associated solv- 
able algebra Solv( Gts/Hts) has the standard structure utilized in [Sj to solve the differential 
equations (JT7T3J). What is the relation between the two solvable Lie algebras Solv (Gr/H) and 
5'o/v(Gts/Hts)? The explicit answer to this question and the illustration of its relevance for the 
solution of the geodesic equations (jl.l3|) is the key result of the present paper. It leads to the 
concept of billiards with painted walls and can be formulated through the following statements. 

• A] In a projection it can occur that more than one higher dimensional vector maps to the 
same lower dimensional one. This means that in general there will be several roots of A<q 
which have the same image in A. Calling A^ and A + the sets of positive roots of the 
two root systems, it happens that both of them split in two subsets with the following 
properties. 



Gr 


Gts 


A+ = A" [J A 5 
VV?i,?72 G A 17 ; 771+772 G A* 
V77 G A" , V5 G A 5 ; r] + 5 G A 5 

W6 1 ,6 2 eA s ; 6! + 5 2 g |^ 


A + = A £ J A s 

Vaii, G A ; a[ + a e 2 G A 
Va* G A £ , Va s G A s ; a* + a s G A* 

Vaf , a| G A" ; + a| G { A [ 

I A 



(1.18) 

The projection acts on the two different sets in the following way: 

n[A"] = A^ 
U[A 5 } =A S 

Vc/ G A e ; cardn- 1 [a 1 ] = 1 
Va s G A s ; cardn -1 [a 3 ] = m 

cardA^ fl = card A + m x card A (1-19) 

It means that there are two type of roots those which have a distinct image in the projected 
root system and those which arrange into multiplets with the same projection. The possible 
multiplicities, however, are only two, either 1 or m. Because of that we can enumerate the 
generators of the solvable algebra So/^Gr/H) in the following way: 

Hi =^ Cartan generators 
<& a i => r] — roots 
fl a s \i 5 — roots ; (I — l,...,m) (1-20) 
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The index / enumerating the m-roots of A& R that have the same projection in A is named 
the paint index 

• B] There exists a compact subalgebra G paint C Gr which acts as an algebra of outer 
automorphisms (i.e. outer derivatives) on the solvable algebra SoIvq r = SoIv(Gr/H) C 
Gr, namely: 

[Gpaint , SoIv Gr ] = SoIv Gr 

(1.21) 

• C] The Cartan generators Hi and the generators <Ev are singlets under the action of G pa i n t, 
i.e. each of them commutes with the whole of G paint : 

[Hi , G pa i nt ] = [^V , Gpaint] = (1-22) 

On the other hand, each of the m-multiplets of generators fl a a \i constitutes an orbit under 
the action of the paint group G pa i nt , i.e. a linear representation D[a s ] which, for different 
roots a s can be different, but has always the same dimension m : 

VX G G pam t : [X, n aS]I ] = (D^[X])/ (1-23) 

• D] The paint algebra G pa i n t contains a subalgebra 

Karnt C G pam t (1.24) 

such that with respect to G paint) each m-dimensional representation D[a s ] branches in the 
same way as follows: 

B[a s ] m* ^ © ^ (1.25) 

singlet (m-i)-dimensional 

Accordingly we can split the range of the paint index / as follows: 

/ = J 0, ^ > (1.26) 

[ l,...,m-lj 

the index corresponding to the singlet, while x ranges over the representation J 

• E] The tensor product J <8> J contains both the identity representation 1 and the repre- 
sentation J itself. Furthermore, there exists, in the representation /\ 3 J a G° a j nt -invariant 
tensor a xyz such that the two solvable Lie algebras Solv& R and Solv& TS can be written as 
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follows 





Solv Grs 


SoIv Gr 




.■Hi , -Hj] = 
H t ,E aS ~ 


o 

— CKj £/ 


[Hi , Hj] = 

[Hi ,$ a i} = a[ $ a e 

[Hi , Q a s \l\ — a i Qa s \I 


a 1 + p e <£ A 


p 

E a 


,e*' 


= 




® a e , $^] = 




p 

J— J 




— J, a'/3' J - J 




<I> Cl>/i(>l AT lot <3> l , nl 


a e + f3 s i A 


E a * 


, E? s ~ 


= 






a e + (3 s e A s 


E a * 




= N a tp a E at+ ? s 






a s + /3 s i A 


[E aS 




= 




f2 a «[j , f2gs|j] = 


a s + /3 s e A 


[E aS 




= N aSl3 sE aS+ P a 




[^« s |0; ^/9 s |o] = ^a s /3 s ^a a +/3 s \0 


a s + /3 s e A s 


[E aS 




= N a s l3 sE aS+(3a 


< 


\fl a *\x, Q/3»\y] — N a s/3s \8 xy Q a s + ps\Q 



(1.27) 



The existence of the paint group G vaint and the structure of the solvable Lie algebra displayed in 
eq. (jl.27|) imply that we can reduce the geodesic problem on Gr/H and hence the supergravity 
field equations to the geodesic problem on Gts/Hts which is maximally split and can be solved 
with the compensator method introduced in jH]. It suffices to observe that by setting all the 
components of the tangent vectors in the directions of the generators to zero we simply 

reproduce a copy of the solvable Lie algebra of the Tits Satake manifold. Once we have found 
a solution for this latter, we can extend it to a full fledged solution of the original system by 
applying rotations of the paint group Gp aint with constant parameters. Physically this means 
that indeed the billiard table is just the Weyl chamber of the Tits Satake algebra as observed 
by Damour et al ||, yet, in the smooth billiard realization the raising and lowering of the walls 
occurs in paints which specify the precise correspondence with the supergravity fields and hence 
with the oxidation to higher dimensions. 
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1.2 Content of the paper 



In the sequel of this paper we illustrate these general structures by working out in all details a 
specific example, that arising from D — 4, J\f — 6 supergravity. Our choice is motivated as follows. 
On one hand, the case Nq = 24 is the next simplest apart from that of maximal supersymmetry 
Nq = 32. Indeed there is just the graviton multiplet, the number of fields is completely fixed 
and so is the geometric structure of the lagrangian. On the other hand the scalar manifold of 
M = 6 supergravity is an instance of a special Kahler manifold and the bosonic lagrangian can 
be reinterpreted as the lagrangian of a particular M = 2 model. In other words we could also 
reconsider our constructions from an M = 2 viewpoint and interpret the scalar fields we deal with 
as moduli of an abstract Calabi-Yau compactification. Indeed in a subsequent paper we shall 
extrapolate from the present example general considerations on billiard dynamics and painted 
walls in the context of special geometries. 
Our paper is organized as follows. 

In section El we present the in depth analysis of the E7(_5) real section: how generators are 
constructed, how they are subdivided into compact and non compact ones, how the Tits Satake 
projection works in this case, what is the structure of the solvable Lie algebra generating the coset 
manifold E 7 („ 5 )/SO(12) x SO(3) and what is the structure of the paint group. Then in section 
01 we derive the Nomizu connection for both the original manifold and its Tits Satake projection 
and we compare the structure of the two systems of first order equations for the tangent vectors. 
In section H] we derive explicit smooth solutions for the maximally split F4 system and we show 
that they display several bounces: smooth cosmic billiards. In section El we uplift the previously 
found solutions to the original E 7 (_ 5 ) system by means of the paint group. Then we discuss 
the general features of the Tits Satake projection, how it commutes with dimensional reduction 
and how the paint group is preserved in the reduction. We illustrate these concepts on the 
specific example. Section El contains our conclusions. Then we have two appendices. The first, 
appendix El contains the listing and ordering of E7 roots utilized throughout the paper. The 
second, appendix El is devoted to the explicit construction of the fundamental 26-dimensional 
representation of F 4 ( 4 ) which we used in the paper to calculate the needed N a p matrix. 



2 The example of Af=6 supergravity 

In M = 6, D = 4 supergravity there are 30 scalars which span the special Kahler manifold: 

/u D=4 ^= 6 = SQ *( 12 ) ( 2 1) 

scalar g^g) y I ■ 

and the relevant duality algebra is therefore: 

G D=4 = SO*(12) (2.2) 

The 16 graviphotons give rise to 16 electric plus 16 magnetic field strengths that organize into 
the 32 spinor representation of SO*(12) which is symplectic as it should be. 

After reduction to D = 3 dimensions and dualization of all the vector fields to scalars we 
obtain a 3D-gravity coupled cr-model based on the quaternionic symmetric space: 

D=3,7V=12 = E 7(-5) (2 3) 

scalar SO(3) R X SO(12) 1 ' ' 
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which is the c-map of the special Kahler manifold 12.11 In this section we study the structure of 
the solvable Lie algebra describing the non maximally split non-compact manifold (|2.3|) and how 
it is related to its Tits Satake submanifold: 

KATits Satake _ ^4(4) /q a\ 

Scalar ~ ^ 2 ) K X Usp(6) 1 ' ' 

which is instead maximally split and it is the relevant submanifold defining the cosmic billiard. 
Our main goal is to show how the solution of the first order equations for the system (J2.4)) can 
be used to obtain solutions for the system ()2.3j) . In particular we shall appropriately study how 
the dynamic walls of the billiard ()2.3|) are painted copies of the walls associated with the billiard 

(E3D- 

To this effect we have to develop all the algebraic machinery associated with the real form 
E7(_5) of the E7 complex Lie algebra. We begin by spelling out the particular form of the 
decomposition (jl.2j) 

adj(E 7( _ 5) ) = adj(SO*(12))©adj(SL(2,R))©(2,32 s ) (2.5) 

where 32 s denotes the spinor representation of SO*(12), while 2 denotes the fundamental repre- 
sentation of SL(2, R). The subgroup SO*(12) x SL(2, R) is regularly embedded and non compact. 
There is another similar decomposition of the adjoint of E7(_5) with respect to its maximal com- 
pact subgroup: 

adj(E 7( _ 5) ) = adj(SO(12)) © adj(SO(3) R ) © (2, 32 s ) (2.6) 

where, once again 32 s denotes the spinor representation of the compact SO(12), this time. 

The non compact symmetric space (|2.3J1 has rank = 4. This means that of the seven Cartan 
generators of E 7 (_ 5 ), four are non compact and belong to the coset, while three are compact and 
belong to the compact subalgebra. We proceed to the explicit construction of the involutive 
automorphism of the complex E^ algebra 

a : E^ -> E?r (2.7) 

which defines the real form E7(_ 5 ). This given we obtain also the compact subalgebra H, the com- 
plementary non compact subspace K and the solvable Lie algebra SoIve7(-5) whose corresponding 
solvable group manifold is isometrical to the coset manifold (J2.3j) . 

2.1 The E7 root system, and its projection onto the F4 root system 

In order to realize the programme we have just outlined, we begin by choosing an explicit basis 
of simple roots for E7. In an Euclidean ortho normal basis they are the following ones: 

at = {1,-1,0,0,0,0,0} 

a 2 = {0,1,-1,0,0,0,0} 

a 3 = {0,0,1,-1,0,0,0} 

a 4 = {0,0,0,1,-1,0,0}, 

a 5 = {0,0,0,0,1,-1,0}, 

a 6 = {0,0,0,0,1,1,0}, 

1111111 

ai ~ { ~r~r~r~r~r~2^ } (2 - 8) 
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E ? o — o — 6 — • — o — • 

(X7 «6 «4 «3 «2 Oi\ 



Figure 1: The Dynkin diagram of E7 and the labeling of simple roots. The three orthogonal roots 
ai, 0:3 and a$ are marked black, since they are used to define the part of the Cartan subalgebra 
which is compact in the ~&7(-h) real form. 



and they are associated with the E7 Dynkin diagram labeled as it is displayed in figffl Next we 
list all the positive roots of E7 arranged according to their height. They are 63 and they are 
listed in Appendix |X] . 

The real section E 7 (_ 5 ) of the complex Lie algebra E7 is identified by the Tits Satake diagram 
depicted in fig. ^where the simple roots a^, are black. This means that in the chosen real 
form the Cartan generators dual to these three roots TC ai 3 5 are compact, while non compact are 
the Cartan generators in the complementary 4-dimensional subspace. It is fairly easy to describe 
the space of non-compact Cartan generators Ti n c \ It is the span of the four weight vectors A2,4,5,7 
which, by construction, are orthogonal to the roots ai i3i5 . Thus in the chosen euclidean basis we 
obtain: 

U n - C - = span {A 2 , A 4 , A 6 , A 7 } 
A 2 = {1,1,0,0,0,0,^2} 

1,1,1,1,0,0,2^} 
3 

71 



Ai 
A fi 



111111 

2' 2' 2' 2' 2' 2' 



A 7 = <! 0,0, 0,0, 0,0 



, vy, vy, v^, vj, vj, 



(2.9) 



It is now easy to construct an orthogonal basis of four length-two 7-vectors for the space 7i n c ' 
defined by eq. (|2.9j) . It is given by: 

e x = {1,1,0,0,0,0,0} 
e 2 = {0,0,1,1,0,0,0} 
e 3 = {0,0,0,0,1,1,0} 
e 4 = {0,0,0,0,0,0,^2} 

(2.10) 



11 



Indeed, equivalently to eq. ()2.9|) we can also write: 

H n - C - = span {ei, e 2 , e 3 , e 4 } (2.11) 

We can complete the basis ()2.1()j) with other three vectors also of length 2, which are orthogonal 
t° e i,2,3,4 and also orthogonal among themselves: 

e 5 = {1,-1,0,0,0,0,0} 
e 6 = {0,0,1,-1,0,0,0} 
e 7 = {0,0,0,0,1,-1,0} 

(2.12) 

The compact Cartan subalgebra is provided by the span of these three vectors: 

H c = span {e 5 , e 6 , e 7 } (2-13) 

The E 7 roots are vectors in the dual of the 7-dimensional space which is the direct sum of the 
four dimensional space T-C n c ' plus the three dimensional space 7i c : 

H = n n - c -®n c (2.14) 

Hence every root a e A Er can be decomposed as follows: 

a = a\\®a± (2.15) 

where a\\ lies in 7i nc ' and o± is orthogonal to it. The essential point in Tits Satake theory of 
real forms is that the parallel projections of the roots, namely an, are not just arbitrary vectors, 
rather they are roots of a Lie algebra of rank equal to the dimension of the non compact Cartan 
Lie algebra which is actually a subalgebra of the original algebra. In our case we have rank = 4 
and the relevant subalgebra (Tits Satake) is F 4 ( 4 ) C £V(-5). Indeed the parallel projections a\\ 
fill the cardinality 24 root-system Ap 4 - 

The actual construction of the real form E7(_ 5 ) involves the careful analysis of the onto 
projection: 

A E? =^ A F4 (2.16) 

Explicitly, if we decompose the 63 positive roots of E 7 along the new orthogonal basis 61,2,3,4,5,7 
we discover the following: 

1 There are just three roots that are orthogonal to the subspace spanned by ei,2,3,4, namely such 

that an =0. They are precisely the simple roots 0.1,0.$ and a^. 

2 The remaining 60 roots have a projection onto the space spanned by e 4 , 2,3,4 which takes the 

form of one of the 24 roots of F 4 and all such 24 roots are reproduced in the projection. 
Namely o\\ G A^ 4 . 

3 The set of 24 roots of F 4 is subdivided in two subsets of 12 roots each. The long and the short 

roots. Each long root appears only once in the projection of E7 roots. Each of the 12 short 
roots, instead, appears exactly four times as image of four distinct E7 roots. So that we 
count 4 x 12 + 12 = 60 



12 



o — o=^o — o 

ZU3 ZU2 VJ\ 



Figure 2: The Dynkin diagram of F4 and the labeling of simple roots. 

To understand this pattern we have to introduce the F4 root system. The Dynkin diagram of F4 
is given in fig. |21 and calling 1/1,2,3,4 a basis of orthonormal vectors: 

Vi ■ vj = ( 2 - 17 ) 

a possible choice of simple roots Wi which reproduces the Cartan matrix encoded in the Dynkin 
diagram (J5J) is the following: 

m = -yi -V2-y3 + V4 

^2 = 2 y 3 
^3 = V2 ~ 2/3 
w A = yi- y 2 

With this basis of simple roots the full root system composed of 48 vectors is given by: 

A Fi = ±yj±yj ; ±y^ ; ±yi ± y 2 ± m ± y& (2.19) 

24 roots 8 roots 16 roots 

and one can list the positive roots by height as displayed in table If we identify the E7 roots 
with their progressive number as it is defined by their listing in Appendix El we can reorganize 
them into the following three subsets according to their projection onto the F 4 root space. 

1 First we have the set: 

fh = <*\ ; P2 = «3 ; Pa = «5 (2.20) 

which contains the three roots with vanishing projection onto the F 4 root space. As we are 
going to see, together with their negative and with the compact Cartan generators, these 
roots define a compact subalgebra SO(3) 1 x SO(3) 2 x SO(3) 3 with respect to which the 
generators of the solvable Lie algebra of E 7 (_ 5 )/SO(12) x SU(2) transform covariantly and 
arrange into representations. Indeed this SO(3) 3 is, for the present case, the paint group 
Gpaint mentioned in eq. (jl.21j) . The subgroup G° int C G pa i nt mentioned in eq.s (jl.24j) and 
(jl.25J) is actually the diagonal subgroup SO(3) diag C SO(3) 3 . 

2 Secondly we have the set containing those twelve roots whose projection onto the F 4 root 

space is unique. We organize them according to the height of the F4 root on which they 
project. The result is displayed in table El 
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(2.18) 



w[l] 


= 


{1, 





0,0} 


-Vl -2/2-2/3 + 2/4 


zu [2] 


= 


{0, 


1 


0,0} 


2 2/3 


07 [3] 


= 


{0, 





1,0} 


2/2 - 2/3 


w[A] 


= 


{o, 





0,1} 


2/i - 2/2 


zu[5] 


— 


{1, 


1 


0,0} 


-2/i -2/2 + 2/3 + 2/4 


r^-| 

zu[b\ 


— 


{o, 


1 


1,0} 


2/2+2/3 


zu[7] 


— 


{o, 





1,1} 


2/i - 2/3 


zu[8] 


— 


{1, 


1 


1,0} 


-2/i + 2/4 


zu[9] 


— 


{o, 


1 


2,0} 


2 2/2 


w[10] 


= 


{o, 


1 


1,1} 


2/i +2/3 




— 


{1, 


1 


2,0} 


-2/i +2/2-2/3 + 2/4 


zu[12) 


— 


{1, 


1 


1,1} 


-2/2 + 2/4 


w[13) 


— 


{o, 


1 


2,1} 


2/i +2/2 


zu[lA] 


= 


{1, 


2 


2,0} 


-2/i +2/2 + 2/3 + 2/4 


w[15] 


— 


{1, 


1 


2,1} 


-2/3 + 2/4 


za[l6] 


= 


{o, 


1 


2,2} 


2 2/i 


zv[17] 


— 


{1, 


2 


2,1} 


2/3+2/4 


zu[18] 


= 


{1, 


1 


2,2} 


2/i - 2/2 - 2/3 + 2/4 


w[19] 




{1, 


2 


3,1} 


2/2+2/4 


zu[20] 




{1, 


2 


2,2} 


2/i - 2/2 + 2/3 + 2/4 


ru[21) 




{1, 


2 


3,2} 


2/i +2/4 


w[22] 




{1, 


2 


4,2} 


2/i + 2/2 - 2/3 + 2/4 


w[23] 




{1, 


3 


4,2} 


2/i + 2/2 + 2/3 + 2/4 


ct[24] 




{2, 


3 


4,2} 


2 2/4 



Table 1: Listing of all positive roots of F4. The second column gives the Dynkin labels, while 
the second column gives the form of the root in an euclidean basis 

3 Thirdly we have the Ag set of those 48 E 7 roots which arrange into quadruplets having the 
same projection onto the F 4 system. We denote these roots by 5} where I = 1, . . . , 12 and 
i — 1,2, 3, 4. They are displayed in table El 
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F4 root Dynkin 


11 i "n 1 • ii' 

labels r 4 root m eucl. basis 


corresp. 


root ol L 7 


cq 


{0,1,0,0} 


2 2/3 


m 


= "6 




«2 


{1,0,0,0} 


-yi — 2/2 — 2/3 + 2/4 


V2 


= «7 


f 

«3 


{1,1,0,0} 


-2/1 - 2/2 + 2/3 + 2/4 


V3 


= «13 


f 

a\ 


{0,1,2,0} 


2 2/2 


V* 


= «31 


f 

a\ 


{1,1,2,0} 


-2/1 + 2/2 - 2/3 + 2/4 


V5 


= "36 


f 

a\ 


{1,2,2,0} 


-2/1 + 2/2 + 2/3 + 2/4 


Va 


= «41 


p 

a 7 


{0,1,2,2} 


2 2/1 


V7 


= ^48 




{1,1,2,2} 


2/1 - 2/2 - 2/3 + 2/4 


Vs 


= «51 


<4 


{1,2,2,2} 


2/1 - 2/2 + 2/3 + 2/4 




= "54 


a{ 


{1,2,4,2} 


2/1 + 2/2 - 2/3 + 2/4 


V10 


= «61 


«11 


{1,3,4,2} 


2/1 + 2/2 + 2/3 + 2/4 


Vn 


= «62 


p 

«12 


{2,3,4,2} 


2 2/4 




= "63 



Table 2: The set of those twelve E 7 roots whose projection on the F 4 root system is unique. 
As it is evident from the table, from the point of view of F4 the A,, set is composed by the long 
roots. The first column gives the name by means of which these roots will be referred to within 
the F 4 ( 4 ) algebra. The last column gives the name of the corresponding root in E 7 calculations 

2.2 The real form E 7 (_ 5 ) and its associated solvable Lie algebra 

Given these preliminaries we can now introduce the real form E 7 (_ 5 ) which follows from the action 
of a suitable involutive automorphism ()2.7|) of the complex Lie algebra E 7 . 

Following the general definitions presented in most textbooks on Lie algebra theory (see 
for instance |20]), the real form Gr is defined as the subspace of eigenvalue 1 of the relevant 
automorphism a, namely we have: 

a (Gk) = G K (2.21) 

On the other hand, a is completely identified by the Tits Satake diagram depicted in figHJ Indeed 
the action of a is originally defined on the Cartan subalgebra and corresponds to changing the 
signs of all vectors lying in the compact part while keeping unchanged those lying in the non 
compact part: 

a : H nc - -> H nc - ; a : H c -> -H c (2.22) 

From the Cartan algebra, the action of a is canonically extended to the root space. Decomposing 
each root in its parallel and transverse parts we have: 

a(a) = a {a\\ + a±) = a\\ — a± (2.23) 

If we rewrite all the sixty three E 7 roots in the basis defined by eq.s (|2.10j) and ()2.12|) we 
unveil the meaning of our regrouping from the point of view of the automorphism a. The set A^ 
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F4 root Dynkin labels 


F4 root in eucl. basis 


el 


e-9 

<Jf 






1 = 1 


a\ 


{0,0,0,1} 


2/i - 2/2 




«8 




a 14 


1 = 2 




{0,0,1,0} 


2/2 - 2/3 


«4 


"10 


an 


«16 


1 = 3 


«3 


{0,1,1,0} 


2/2 + 2/3 


"12 


"17 


«ig 


«24 


1 = 4 


al 


{0,0,1,1} 


2/i - 2/3 


"20 


"15 


«26 


«21 


1 = 5 




{1,1,1,0} 


-2/1 + 2/4 


"18 


"23 


«25 


"30 


1 = 6 




{0,1,1,1} 


2/1 + 2/3 


"27 


"22 


"33 


"29 


1 = 7 


af 


{1,1,1,1} 


-2/2 + 2/4 


"32 


"28 


"37 


"34 


1 = 8 


"8 


{0,1,2,1} 


2/1 + 2/2 


"35 


"38 


«40 


"43 


1 = 9 




{1,1,2,1} 


-2/3 + 2/4 


"39 


"42 


"45 


"47 


I = 10 


"10 


{1,2,2,1} 


2/3 + 2/4 


«44 


"46 


«49 


"50 


I = 11 


"11 


{1,2,3,1} 


2/2 + 2/4 


"53 


"52 


«56 


"55 


I =12 


"l2 


{1,2,3,2} 


2/1 + 2/4 


"58 


"57 


«60 


"59 



Table 3: The As set of those 48 E 7 roots which arrange into 12 quadruplets having the same F 4 
projection. As it is evident from the table, from the point of view of F4 the As set is composed 
by the short roots. The second column gives the name of the projected root within the F4(4) 
algebra context. In the last four columns, a« denotes an E 7 -root numbered according to the order 
listed in Appendix A 

is composed by all those roots whose transverse part vanishes, namely the components of each 
77-root along e5 5 6,7 are zero: 

Vr? E A v : r] ± = (2.24) 

which implies 

a (t]j) = m (2.25) 

On the other hand the roots in the set Ag arrange into pairs such that the transverse part of 5} 
is the opposite of that of 5j and similarly that of 6] is the opposite of that of <5f . Hence we have: 

*{5}) = 5j ; a{5j)=5) ; a (5j) = 5 7 3 ; a (5?) = 5] (2.26) 

Finally from the root space the automorphism a can be lifted to the step operators and hence to 
the whole algebra. This last step involves the introduction of a set of sign factors. To see this, 
let Tii and E a be the Cartan and the step operators, respectively, realized in the maximally non 
compact, split, real section G sp u t of the complex Lie algebra G c . If regarded as matrices in any 
of its irreducible representations both Tii and E a are real matrices. In our case the complex 
Lie algebra is E7 C and the maximally non compact split real section is E 7 ( 7 ) . The representation 
we can focus on is the fundamental 56-dimensional representation and the explicit form of the 
matrices Tii and E a we shall utilize was constructed by us in 1997 and it is described in |10j . 
This fixes the conventions, which is a necessary step, since the definition of the step operators 
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is up to choices of some arbitrary signs. This being set, the lifting of the automorphism a from 
the root space to the complex Lie algebra is defined in the following way. Firstly the complex 
Lie algebra is defined as the complex span (linear combinations with complex coefficients) of the 
generators Tii and E a : 

G c = complex span {Hi, E a } (2.27) 
Secondly, for each element g G G c , we require: 

*(ig) = -i<r(g) (2.28) 

where i = a/— 1 denotes the imaginary unit. Thirdly the automorphism is fixed by writing its 
action on the generators: 

a(n l j)=H ] j ; a (Uf) = -U\ ; a(E a ) = a a E^ (2.29) 

In the above equation a a is a real number whose absolute is immediately fixed to one by consis- 
tency with Jacobi identities. Hence a a = ±1. Yet the choice of these signs is not immediately 
obvious. Indeed it follows from the original choice of normalizations of the step operators for the 
split algebra & S pUt and therefore it is convention dependent. In a moment we shall resolve this 
ambiguity relative to the already mentioned choice of conventions, namely those of ^U]. First 
let us observe that once the a a are fixed, the complex linear combinations of split generators 
forming a complete basis for the real Lie algebra Gr are also fixed. As an example let us consider 
the maximally compact real section G C ompact for which, as it is well known, we always have: 

^compact = real span {i#, , if (E a + E~ a ) , f (E a - E~ a ) } (2.30) 

In view of the previous theory this is easily explained as follows. In this case the whole Cartan 
subalgebra is compact and hence a(7ij) = —Tii for all Cartan generators. From this it follows 
that a\\ = for all roots and therefore a(a) = —a. The actual linear combinations displayed in 
eq. (|2.3Uj) follow from the choice a a = —1, Vet which implies: 

a (if {E a + E~ a )) = if (E a + E~ a ) ; a (f (E a — E~ a )) = f (E a — E~ a ) (2.31) 

Had we chosen a a = 1 we would have obtained the same linear combinations but with the z-factors 
interchanged: f (E a + E~ a ) , if (E a — E~ a ). Such a choice, however, would be wrong since it 
does not define an algebra. Indeed the commutator of two generators of type if (E a — E~ a ) 
produces a generator of the same type, but without the z-factor in front. On the contrary the 
opposite choice of a a , which amounts to the well known choice (|2.3U|) of i-pref actors consistently 
defines a subalgebra. This discussion shows that: 

1. The choice of the a a factors which completely determines the action the automorphism a 
is fully equivalent to deciding the position of the i-factors, namely to deciding whether, for 
each pair a and a (a) of roots mapped into each other by the automorphism it is 

f (E a - E u{a) ) ; i f (E a + E^ a) ) (2.32) 

or 

f (E a + E a{a) ) ; if (E?-E°W) (2.33) 
which appear as generators of the algebra Gr. 
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Table 4: Explicit enumeration of the generators of the real Lie algebra E7(_5) 



2. The decision whether ()2.32j) or ()2.33)1 is the right choice is determined by the commutation 
relations and the closure of the algebra Gr and can be different for different pairs of related 
roots. 

In the case of the E 7 (_5) real section of the E 7 complex Lie algebra, using the normalization 
of step operators derived in (TO] we have carefully inspected by computer calculations all the 
commutation relations and we have derived the assignment of z-factors displayed in the explicit 
enumeration of generators of E 7 (_ 5 ) displayed in table |U 



2.3 The maximal compact subalgebra SO(3)r x SO(12) and the basis 
of coset generators 

Having explicitly constructed the real Lie algebra Gr = E 7 (_ 5 ) we can now consider its decom- 
position with respect to its maximal compact subalgebra H = SO(3)r x SO(12) which is to us 
the most relevant issue, since the final goal of our study is the construction of geodesic motions 
in the manifold (j2.3|) . Being interested in the splitting: 

G R = H © K (2.34) 
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we proceed to establishing a canonical basis of generators for Gr organized as it follows: 




= ^ (z = l,..., 69) 
(A=l,...,133) ; T A ={ J 1 . ' ' (2.35) 

= Ki (z = l,...,64) 

where Hj is a basis of generators for the maximal compact subalgebra S0(3)r x S0(12) and Kj is 
a basis of generators for its orthogonal complement, namely for the tangent space to the manifold 
fl2.3j) . With reference to table |U our choice and ordering of the basis H, is the following: 





1 

= '7! 




(2 = 1,2,3) 








= EX 


(< = 


1,2,3) 








= ^ 


(< = 


1,2,3) 






H 9+/ 




(/ = 


1,...,12) 














1,.. 


..,24) 


H45+A 




^A" 


-fa?) (A = 


1,.. 


..,24) 



A=l,...,24) 

(2.36) 

Correspondingly, our choice and ordering for the coset generators Kj is displayed below: 





= wr 


(1,2,3) 


K 4 






K 4+ / 


= E+ 


(1=1,..., 12) 






;^+(^) f ) 


K40+A 




;^+te) t ) 



(A = l,...,24) 
(A = l,...,24) 



(2.37) 



Let us make a few comments. In our ordering of the compact generators Hj, the first nine 
generate a special subgroup, which we have already identified as the paint group: 

G paint = SO(3)J = SO(3) A x SO(3) A x SO(3) ft c SO(3) R x SO(12) (2.38) 

This latter is associated with the three "compact roots" defining the real section and will 
play an important role as automorphism algebra of the Solvable Lie Algebra Solves) associated 
with the coset (|2.3j) . It is appropriate to stress that the subgroup 80(3)^ is none of these three 
80(3)^.. On the contrary the subgroup S0(3)^ sits inside S0(12). The subgroup S0(3) R , which 
commutes with the whole S0(12), is instead generated by the following uniquely determined 
linear combinations of the generators Hj: 

J 1 = (H10 - H13 + Hie - H 21 ) 

2y 2 
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J " = -^7f ( H i2-H 14 + e 17 + H 20 ) 



J* = (Hu - Hib + His - Hi 9 



1 

(2.39) 



which close the standard commutation relations: 

W,J?] = <*kJ? (2-40) 

The ordering of the coset generators is obvious from equation ([2.370 . First we have have listed 
the four non-compact Cartans, then non-compact combinations associated with the 12 roots that 
project onto the long roots of F4 with multiplicity one. Finally we have listed the non-compact 
combinations associated with the roots that project onto the short roots of F4 in exactly the same 
order as their compact analogues appear in the listing of H-generators. From the point of view of 
representation theory we know that the K-space transforms as follows under 80(3)^ x SO(12): 

K=(2,32 s ) (2.41) 

and we could arrange the generators into linear combinations corresponding to the weights of the 
representation ([2.410 . yet this is not essential for our present purposes. 



2.4 Structure of the Solvable Lie algebra 

We can now come to the main point of our construction which relates to the solvable Lie algebra 
SoIve7(-5) whose corresponding group manifold is metrically equivalent to the coset manifold ([2 .30 
and to its relation with the solvable Lie algebra SolvpiU) whose corresponding group manifold is 
metrically equivalent to the coset manifold ([2.40 . 

First we define the solvable Lie algebra SoIve7(-5)- This is easily done. Following the general 
theory recalled, for instance in [H|,JU|, we know that Solvers) is the linear span of the non- 
compact Cartan generators plus those linear combinations of the positive root step operators 
which pertain to the considered real section. In practice this means: 

Solv E 7(-5) = real span {Ti^ , E m , E\ , 

(i = l,...,4;/=l,...,12; A = 1, . . . , 24) (2.42) 

As we know the solvable algebra Solve/ h associated with any non-compact coset G/H has the 
great advantage that by exponentiation it provides a polynomial parametrization of the coset 
representative and hence of the scalar fields of supergravity. With respect to the traditional 
parametrization of cosets in terms of exp(IK) the advantages of the solvable parametrization are 
obtained at one price: while IK is a representation of H, the solvable algebra SoIvg/h is not. In 
the non maximally split case something very useful, however, occurs. Although SoIve7(-5) is not 
a representation of the full compact group SO(3) R x SO (12) yet it transforms covariantly under 
the action of a proper compact subgroup, the paint group, specifically G pa int = SO (3)^, defined 
in eq. ([2.380 . Indeed the decomposition of SoIve7{-S) with respect to SO(3)| is: 

Solv E7( „ 5) = 16 x (1, 1, 1) © 4 x (2, 2, 0) © 4 x (2, 0, 2) © 4 x (0, 2, 2) (2.43) 
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and SO (3)^ works as an automorphism group of the solvable Lie algebra. The sixteen singlets 
are the four Cartan generators plus the twelve E Vl step operators associated with long roots of 
F 4 . The forty-eight non-singlets, distributed in irrepses as described in eq. (|2.43J) are instead the 
generators associated with the 5-roots that project onto the short ones of F4. 

This covariant structure of the solvable Lie algebra SoIve7(-5) is responsible for its relation 
with SoIvfa{a) and for the painted billiard phenomenon. Let us see how. 

We are interested in the structure constants of the Solvable Lie algebra which in turn de- 
termine the Nomizu connection and hence the 1st order equations for the tangent vector to the 
geodesic |Hj. Calling T\ a set of generators in the adjoint representation of the algebra we read 
off the structure constants from the equation: 

[T s ,T n ]=C A En T A (2.44) 

Let us first consider the solvable Lie algebra Solvp^ associated with the coset (|2.4|) . This is a 
maximally split case and the structure of SoIvfa{a) is the canonical one discussed in jH]. We have 
4 Cartan generators H a and 24 positive roots that split into two subsets of 12 long roots a and 
12 short roots a s . Calling A^ and A s the two subsets we have the following structure: 



Vc/ , ft E Ae : a e + 
Vc/ G A e and yp s G A s : a 1 + p 



not a root or 
1 £ G A, 
not a root or 
7 s G A s 
not a root or 

Va s , p s G A s : a s + p s = { Y G A s or (2.45) 

y g a, 

6 a 

Consequently, let Hi be the Cartan generators and E a , E a be the step operators respectively 
associated with positive long and short roots. This set of operators completes a basis of 28 
generators for the solvable Lie algebra SoIvf 4(4) - In view of eq.s (12.45)) the possible structure 
constants are: 

/^iA J r^a 1 (~iofi /~ic/ /~ia s r^a B /~ia a 1 (O AR\ 

and we further have: 
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(2.47) 

where the matrix N^, defined by the standard Cartan- Weyl commutation relations as given in 
eq. (jB.23|) of the appendix, or in table 11.271 differs from zero only when the sum of the two roots 
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(3 and 7 is a root. Hence it suffices to know ATg 7 and the solvable Lie algebra structure constants 
are completely determined. In the following three tables (|2.48|) . ()2.49|) . (|2.50|) we exhibit the 
values of iVg 7 for the F^) Lie algebra. 
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H[l] = 


1 njn.c. 


H[2] = 


1 n-Jn.c. 


H[3] = 


1 njn.c. 


H[A] = 


1 n_/n.c. 



Table 5: Listing of Cartan generators of SoIve 7 ,_ s) which exactly correspond to the Cartan 
generators of F 4 ( 4 ) 
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(2.50) 



The ordering of long and short roots of the F4 system is that used in tables: 121 and 01 On the 
other hand the explicit determination of the tensor N a! 3 which appears in the standard Cartan- 
Weyl commutation relations was performed via the explicit construction of the fundamental 
26-dimensional representation of this Lie algebra. This construction is described in appendix [Bj 
Now the exciting point about the solvable Lie algebra of the full non split coset ()2.3|) which 
contains all the degrees of freedom of supergravity is that it can be exhibited in terms of the 
structure constants of its split Tits Satake submanifold ()2.4)1 by utilizing also the covariance with 



respect to the compact paint subgroup G pa int = SO(3)o. This is the result of an essential 
interplay of impressive elegance between the graded structure of the split Tits Satake algebra, 
which is non simply laced and for that reason contains a distinction between short and long 
roots, and the rearrangement of those roots of E7 which project onto the short ones of F4 into 
representations of the compact paint group SO(3)^. 

We already emphasized that, under the action of the paint group (|2.38j) . the generators of 
the Solvable Lie algebra SoIve 7( _ 5) decompose into the irreducible representations mentioned in 



eq. (|2.43p . Let us define the diagonal subgroup of the three SO (3)^: 

diagonal [80(3)^ x SO(3) A x SO(3) A 



gpaint 



so(3);f 9 



(2.51) 
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Table 6: Listing of generators of SoIve7(-?>) which correspond to long roots of F 4 and appear in 
one copy. The order of 7/-roots is that listed in table El 
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Table 7: Listing of generators of SoIve7(-5) which correspond to short roots of F 4 and appear in 
four copies. The order of Sroots is that displayed in table 01 



since 



2 ® 2 = 1 © 3 (2.52) 

holds true for SO(3) representations, it follows that under SO(3)^ a9 the Lie algebra SoIve 7( _ 5) 
decomposes as follows: 



SoIve, 



SO(3)* as 



/ 



7(-5) 



\ 



+ + ^12^ 

^Cartan long roots short roots J 



x 1 



ef 



12 

\short roots/ 



x 3 (2.53) 



Hence the representation J mentioned in eq.s (|1.25J) and (jl.26|) is J = 3, the triplet of SO(3) diaff . 
The decomposition ()2.53|) is explicitly exhibited in tables El and [7| In table modulo some 
changes in normalization we list the non compact Cartan generators of Ey(7) which correspond 
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to the full set of Cartan generators of F 4 ( 4 ). In table |H1 we define a set of generators 
associated with the long roots of F 4 ( 4 ), which are obviously given by the step operators E v 
of Ey(_5) since the ??-roots project on such short roots of F4. There are just some suitable 
±\/2 factors in the normalization which are purposely chosen in order to make the relation 
between the two solvable Lie algebras clean. All these generators are singlets under SO (3)^ and 

therefore also under SO(3)^ a9 . Finally in table [3 we list a set of four E 7 (_ 5 ) generators fiyi[a s ], 
(A = 0, X, Y, Z), associated with each of the short roots a s of F 4 ( 4 ). Indeed each such root is the 
image, in the projection, of four different E 7( _ 5 ) roots, namely, the 6} roots, displayed in table 
Hence the four f2^[a s ] operators are, with convenient normalization factors, step operators of 
E 7 (_ 5 ) corresponding to the 5-roots. The normalization factors and the precise correspondence is 
chosen in such a way that the f2 are singlets under SO(3)^ ag , while Q x =x,y,z form a triplet. 

If we use these generators and, in order to avoid proliferation of symbols, we denote by the 
same letter the generator of the algebra and its dual one-form appearing in the Maurer Cartan 
equations: 

dT A = \ C A n T s A T n (2.54) 

the structure constants of SoIve 7( _ 5) can be exhibited by writing the following Maurer Cartan 
equations, which just contain the structure constants of the F 4 ( 4 ) solvable algebra, discussed 
before, plus the quaternionic structure anticipated in table (jl.27j) of the introduction. 

dHi = 

\c a \ sr (n [p s ] a fi [7l + n x \p a ] a a, [ 7 S D 

dn [a s ] = C^^sHj A n [(3 s ] 

+|c a V 7S {VoIP'] a siob 8 ] + n x [p s ] a n x [r s }) 

+ C a > r $[/3 £ ] A fi [ 7 s ] 
dQ x [a s ] = C^Hj A n x [(3 s ] 

+\C a \ ar (O [/3 S ] A 047 s ] -aj/T] A Q [l s ] - e xyz Q y [(3 s ] A fi 2 [ 7 s ]) 

(2.55) 

Equations ()2.55j) are just a short way of writing all commutation relations and exhibit the 
interplay between the graded structure of SoIvf 4 (a) and the structure of the paint group rep- 
resentation. Indeed we see the announced quaternionic structure! What actually happens is 
that the Cartan and long root generators are isomorphic in the two algebras, while the short 
root generators are promoted to quaternions while going from F 4 ( 4 ) to E 7 („ 5 ) . We can write 

F m 3 E aS Q [a s ] + Q x [a s ) f + Q Y [a s ] f + tt z [a 3 ] 3 z G £ 7( _ 5) (2.56) 

where j x ,j Y ,j z are the three quaternionic imaginary units. 

This structure has very relevant consequences for the solution of the differential equations and 
for the billiard phenomenon. Since the Nomizu connection determining the first order equations 
for tangent vectors is completely determined by the structure constants of the solvable Lie algebra 
we can just adopt the following strategy: 
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1 Rather than considering the original problem associated with the non split manifold (|2.3j) we 

consider the problem associated with the split Tits Satake manifold (|2.4|) . which can be 
solved along the lines of paper |8j using, in particular, the compensator method to integrate 
the 1st order differential equations. 

2 Once we have obtained a solution for the system described by the structure constants ()2.46l - 

12.47)1 we also posses a particular solution for the system (|2.55jl . It just correspond to setting 
the fields associated with VLx,y,z to zero. 

3 A large class of solutions of the system (|2.55J) can be obtained from the general solution of the 

F4 system with structure constants (j2.46H2.4Tj) by means of global rotations of the paint 
group G pa i n t = SO (3) J. 

From the point of view of the billiard picture we know that switching on root fields correspond to 
the introduction of dynamical walls on which the fictitious cosmic ball will bounce. The structure 
of the solvable algebra implies that the billiard chamber is just the Weyl chamber of F^), yet 
certain dynamical walls are painted, namely occur in four copies constituting a quaternion. In 
explicit solutions we see also the color of the actual wall which is excited. 



3 The first order equations for the tangent vectors 

As we showed in jS], the field equations of the purely time dependent a-model, which is what we 
are supposed to solve in our quest for time dependent solutions of supergravity, can be written 
as follows: 

Y A + Ti c Y B Y c = (3.1) 
where Y A denotes the purely time dependent tangent vectors to the geodesic in an anholonomic 

y a = { Y* = V} (0) ft 1 e CSA f3 2) 

\Y a = \/2Vj a ((f)) 7 i E positive root system A + K ' } 

V A ((f)) dtp 1 being the vielbein of the target manifold we are considering. In eq. (j3.1jl the symbol 
denotes the components of the Levi-Civita connection in the chosen anholonomic basis. 
Explicitly they are related to the components of the Levi Civita connection in an arbitrary 
holonomic basis by: 

? A bc = FjKVfViVg - d K (Vj A )V£V$, (3.3) 
where the inverse vielbein is defined in the usual way: 

V A V£ = 6i (3.4) 

The basic idea of |Hj, which was exploited together with the compensator method in order to 
construct explicit solutions, is the following. As already recalled in eq. (j!.13j) . the connection 
can be identified with the Nomizu connection defined on a solvable Lie algebra, if the coset 
representative L from which we construct the vielbein is solvable, namely if it is represented as 



26 



the exponential of the associated solvable Lie algebra Solv(XJ/H). In fact, as we can read in 
once we have defined over Solv a non degenerate, positive definite symmetric form: 

( , ) : Solv ® Solv — ► R 
(X,Y) = (Y,X) (3.5) 

whose lifting to the manifold produces the metric, the covariant derivative is defined through the 
Nomizu operator: 

VX G Solv : h x : Solv — ► Solv (3.6) 

so that 

VX, Y, Z e Solv :2{Z, h x Y) = (Z, [X, Y}) - (X, [Y, Z\) - (Y, [X, Z\) (3.7) 
while the Riemann curvature 2-form is given by the commutator of two Nomizu operators: 

R W Z (X,Y) = (W, {[h x ,L Y ] - L [X>Y] }Z) (3.8) 

This implies that the covariant derivative explicitly reads: 

h x Y = T z XY Z (3.9) 

where 

r| y = \((z, [x, y}) - (x, % z\) - (y, [x, z]» <Z 1 Z> vx, Y,ze Soiv (3.10) 

Eq. ()3.1U|) is true for any solvable Lie algebra. In the case of maximally non-compact, 
split algebras we can write a general form for T XY , namely: 



l jk 
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1 a/3 
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pa 

ij 


= r& = i 


-pa 




r a+/3 
1 a/3 


r a+f3 
1 f3a 


a+f3(3 


-pa 

~ L (3a+/3 ■ 



(3.11) 

where N a/3 is defined by the commutator [E a , Sg] = N a/ 3E a+! 3, as usual. In the case of F 4 ( 4 ), 
the coefficients N a @ are read-off from the eq.s (|2. 4912. 4812. 5U|) . The explicit form ()3.11|) follows 
from the choice of the non degenerate metric: 

(Hi , TCj) = 2 5y 
(Hi , -Eq.) = 

(E a ,E p ) = 5 a>0 (3.12) 

VWi, Hj G CSA and V-Eq., step operator associated with a positive root a G A + . For any other 
non split case, as that of Solv (E 7 (_ 5 )), the Nomizu connection exists nonetheless although it 
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does not take the form 1)3.11)) . It follows from eq. (J3.1U)) upon the choice of an invariant positive 
metric on Solv and the use of the structure constants of Solv . Given the list of generators in 
tables El El and the positive metric on Solv is easily defined in full analogy with the definition 
of [8 . The metric is diagonal and normalized as it follows: 

(Hi , Hj) = 2 8a (Hi, $[c/]) = (Hi^Aaf]) = 

(*[<J\,H t ) = $[/^]> = Sjp ($M,^H) = (3.13) 

(^[a*] , H^ = (0;^],$^]) = (fi/M , nj[P s ]) = 5 u 5 a s P s 

The Nomizu connection can be explicitly calculated from eq. ()3.1Uj) reading the structure constants 
from the Maurer Cartan equations ()2.55j) . In the case of all split algebras, the first order 
equations take the general form: 



y* + \ £ aiy " = 

aSA+ 

Y a + £ N a0 Y^Y a+l3 - oii Y i Y a = (3.14) 
/3eA+ 

which follows from eq. ()3.11)) . For the solvable Lie algebra of F4(4) eq. (|3.14p takes the form: 

w + \ £ ^ $ N 2 + \ £ a M a >? = 

$[a t ] - a e -H$[a e } + N «tP t ®\Pi\ ®[<*i + fa] 

+ £ N aiP n\f3s\^[ai + f3 s } = 
n[a„] - a s -Hn[a s ] + £ N asPs Q[fa] <% s + fa] 

/3 s /a s +/3 s eA* 

+ £ N aa(3s n[p s }n[a s + p s ] = (3.15) 

/3 s /a s +/3 s eA a 

where for notation simplicity we have given to the component Y A of the tangent vector Y* along 
a generator Ta of the solvable Lie algebra the same name as the generator itself. 

In the case of the E 7 (_ 5 ) Lie algebra the first order equations for the tangent vector take the 
following form: 

+ I £ ^$H 2 + I £ < ( fi oH 2 + £^H 2 ) = o 

a e £A e a s £A s \ i=l J 

$[a e ] - a e ■ H -$[a t ] + £ N a ^[(3 e ] ®[a e + f3 e ] 

+ £ N aif5s (n [p s ]n [a £ + p s ] + J2 Q M^M + P S 

/3 s eA s \ i=i 
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n [a s ] - a s ■ H n [a s ] + ^ N «.P. n o \P»\ $ [ a » + A] 

/3 s /a s +/3 s EA s V i=l / 

a[a s ] - a s -Hfli[a s } + Yl N «.pS l i\P»\ ®\ a s + P,\ 

Ps/a s +l3 s £A e 

/3 s /a s +/3 s EA s 

+ e ijk n j [p s ]n k [a s + (3 s }) = 

(3.16) 

As one sees from the above equations the E7(_5) differential system ()3.16|) is consistently truncated 
to the F 4 ( 4 ) system (I3.15|) by setting f2i[a s ] = 0, (i = 1, 2, 3) and identifying Q[a s ] = Qo[a s ). Hence 
any solution of the F 4 ( 4 ) equations is also a particular solution of the E 7 (_ 5 ) ones. On the other 
hand eq.s ()3.16|) are invariant under the action of the paint group G pa i nt = SO(3) 3 . 

In the next section, we utilize the compensator method to solve the first order equations 
(I3.14|) in the case of Solvp 4 , 4) and then we use the paint group to rotate these solutions to general 
solutions of the first order equations of SoIve 7( _ 5) ■ 

4 Solutions of the F 4 ( 4 ) system by means of the compen- 
sator method 

As we showed in jH] in the split case the first order equations for the tangent vectors can be solved 
in the following way. First one considers the decomposition (j2.34j) of the full algebra and recalls 
that, in this case, the compact subalgebra is generated by E a — E~ a for all a G A + . Secondly, 
one writes the decomposition of the left-invariant one-form on the coset manifold U/H along the 
compact and non-compact generators: 

Q, = L _1 dL = V A K A + u a t a . (4.1) 

where V = V A corresponds to the coset manifold vielbein, while uj = uj a t a corresponds to 
the coset manifold H-connection. One notes that the condition for the coset representative L to 
be solvable (namely to be the exponential of the solvable algebra) is expressed very simply by: 

V a = V2u Q (4.2) 

Thirdly one derives the condition to be fulfilled by an H-gauge transformation: 

L i-> Lh = L 

h = exp [9 a t a ] (4.3) 
in order for the solvable gauge ()4.2j) to be preserved. This latter reads as follows: 

^ tr (fc-i { e)dh{9) t a ) = V? (-A(6), a + D{9)«) + V*D{6)? (4.4) 



29 



In the above equation the matrix A(9) is the adjoint representation of h G H and D(9) is the D— 
representation of the same group element which acts on the complementary space K and which 
depends case to case: 



h 1 t a h 



D(6) A B K B 



(4.5) 



In our example of F 4 (4) the compact group is H = SU(2)r x Usp(6) and the representation D is 
the (14,2) 

A simple solution of the first order equations (j3.14j) is easily obtained by setting Y a = and 
Y % = c % = const, namely we can begin with a constant vector in the direction of the CSA. Such 
a solution is named the normal form of the tangent vector. In the language of billiard dynamics 
it corresponds to a fictitious ball that moves on a straight line with a constant velocity. All other 
solutions of eq.s ()3.14j) can be obtained from the normal form solution by means of successive 
rotations of the compact group, with parameters 9[t] satisfying the differential equation ()4.4jl . 
The advantage of this method, emphasized in jH] where we introduced it, is that at each successive 
rotation we obtain an equation which is fully integrable in terms of the integral of the previous 
ones. 

In this paper we just present one solution of the F 4 ( 4 ) system which is fully analytical and 
already sufficiently complicated to display the billiard dynamics with several bounces. Our solu- 
tion is obtained by applying 5 successive rotations to a normal form vector that we parametrize 
in terms of 4 constants. We use an intelligent parametrization which is the following one: 



nf 



{- 



-0> 5 



UJ 5 -LJ 5 



^6 + W 7 , — — } 



(4.6) 



The way Y n f is parametrized and the name given to the constants 1^24,7,6,5 anticipate their 
physical interpretation in the solution we are going to derive. Indeed we obtain our solution by 
writing: 

Y(t) = Y nf exp [B. 24 9 24 (t)] ■ exp [B. 7 9 7 (t)] ■ exp [H 6 fl 6 (t)] ■ exp [U 5 9 5 (t)] ■ exp [H%(t)] (4.7) 
where 

are the compact generators associated with the F 4 roots numbered as in table ^ The explicit 
form of the solution of the differential equations f)4.4j) for the five rotation angles is given below: 
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e a (t) 

9 7 (t) 



arccos 



arccsc 
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_|_ e 2(t-T 6 )uj 6 _|_ g 2 (t-T 7 )w 7 _|_ g 2 (t-T 4 ) (aj 5 +2aj 6 -aj 7 ) (J _|_ g 2 (t-iy) uj 7 ) 



^1 + e (t-^)w 5 cosh ((£zlMW) sech ((t 



r 7 ) u 7 . 



V2 



arccot 



arccos 



e (t-T 7 ) U} 7 
\/\-\- g2(t-T 7 )w7 



30 



arccsc 



v/2 



(4.9) 



Let us briefly mention the explicit form of the eq.s (|4.4j) from which we obtained the above 
result. As specified in eg. ()4.7)1 we perform the compact rotations in the order 24 — > 7 — > 6 — > 
5 — > 4. This is not a random choice but it is motivated by the fact that in this way the 
differential equations f)4.4j) come up triangular: in other words at each step we just obtain a 
differential equation for the angle 9i(t) that depends only on the previously determined angles 
Oj(t). The systematic study of triangulization of the differential system (|4.4|) for general algebras 
is postponed to a later publication. We just note that one typically has to perform rotations along 
roots arranged in reverse order with respect to their height but this criterion, although necessary 
is not yet sufficient in full generality. A complete solution requires a more systematic analysis. 
It is however fairly easy, by computer calculations, to obtain ordered lists of root-rotations that 
have the triangular property and hence lead to exact analytic solutions by quadratures. In the 
case of the present algebra we have already found lists of up to eight successive such rotations 
and the solution we present with five rotations has just been chosen as an illustrative example of 
the physical and analytical mechanisms occurring in the differential system (|4.4jl . 

This being clarified, we present the differential equations obtained for the angles 9i(t) in 
succession. Performing the first rotation around the highest root we obtain: 



sin [2 V2 6 24 (t)] u 2A 
4^2 



+ e 2A {t) = 



Performing the second rotation around the root w 7 we get: 

sin gftfl] u 1+ - 7{t) 



(4.10) 



(4.11) 



which is still an independent equation. Performing the third rotation around the root Wq we get 
a differential equation that depends on the solution of the previous two: 



sin[2 6 (i)] lu 6 cos 2 [0 7 (t)] sin [2 6 (i)] uo 7 



+ 6 (t) 



2 2 
The same happens when we introduce the fourth rotation around w 5 . We obtain: 



(4.12) 



2V2 sin 2v / 2 5 (t) 
+v / 2 cos [2 \/2 24 (t) 



u 5 



sin 



4V2 cos[2 7 (t)] sin 2v / 2 5 (t) 
2v / 2 5 (*)l cj 2 4 + 16 5 (t) = 



LO-j 



(4.13) 



Finally, when we perform the 5-th rotation, we get: 

8 sin [2 4 (t)] u 5 - 4 (-3 + cos [2 6 6 (t)}} sin [2 4 (t)] u 6 - 6 sin [2 4 (t)] u 7 
+2 cos [2 6 6 (t)] sin [2 4 (t)] cj 7 + cos [2 (0 6 (t) - 7 (t))] sin [2 4 (t)] c; 7 
+2 cos [2 7 (t)] sin [2 4 (t)] u 7 + cos [2 6 (t) + 2 7 (i)] sin [2 4 (t)] w 7 
+ 16 4 (t) = 



(4.14) 
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The explicit functions 9i(t) displayed in eq. ([4.9p are the general integral of the system of eq.s 
(j4.10M.14*)) where the integration constants are represented by the fixed instants of time Xj. The 
physical interpretation of these constants becomes clear when we investigate the properties of 
the scalar fields hi(t) lying in the Cartan subalgebra of and eventually representing, after 
dimensional oxidation the logarithms of the scale factors in the various available dimensions. 
Following the discussion of [8. we can write 

K{t) = J H^dit 

Hi(t) = Y\t) inCSA (4.15) 

where H^t) are obtained by inserting the explicit solutions ()4.9|) into eq. ()4.7|) and then extracting 
the first four components of such a vector. We have an analytic although cumbersome expression 
for the Hi(t) in the case of all the considered rotations, yet the next integration to hi(t) can 
no longer be analytically done if we include all the thetas 9 2 4:(t),9 7 (t),9Q(t),9 5 (t) and 9±{t). For 
this reason we prefer to discuss the features of billiard dynamics by considering the simpler 
solution obtained by including only the first three rotations 9 2 4(t), 67(f) an d 9 6 (t). This solution 
is already complicated enough to display the phenomena we want to illustrate yet it still leads 
to manageable analytic formulae. Explicitly we obtain: 

H x (t) = ^-u (i + sm 2 [9 7 (t)]uj 7 
= — — + 



2 l + e 2(t-r 7 )c 7 

H 2 (t) = \ h + 2 sin 2 [0 6 (t)] (cu e - cos 2 [9 7 {t)\ u 7 )) 

^ + e 2(t-7B)w8 +e 2(*-7T)wrj U5 + 2 ((1 +e 2(<-Tv)^7) ^g-eaCt-rrJwr^ 

2 (1 4- e 2(t-T 6 )uj 6 _|_ e 2(t-iy)u> 7 \ 

H 3 (t) = ^i + cos 2 [0 6 (t)] (-u e + cos 2 [9 7 (t)]co 7 ) 

-u B e 2 (*- T6 ^ s ((-e 2 ^ 7 - e 2r7U)7 ) lu 6 + e 2tul7 lu 7 ) 



(1 _|_ e 2(t-r 6 )o; 6 _|_ e 2(t-r 7 )uj 7 ^ ^ e 2tu> 7 _|_ e 2r 7 u) 7 ^ 

1 ( 2 



H A (t) = -J (cos [2^0 2 4 (*)] cj 24 ) = i f — 1 + 



X _|_ e (t-nn)i 



L0 2 4 



(4.16) 



Considering now the five roots involved in this calculation: 



zrj 2 4 = {0,0,0,2} ; w 7 = {1,0,-1,0} 

w 6 = {0,1,1,0} ; zu 5 = {-1,-1,1,1} (4.17) 
w 4 = {1,-1,0,0} 
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we can evaluate the five projections of the Cartan fields in the direction of the five relevant roots 
and we get: 



h m2i (t) = J W 24 ■ H{t) = - log(l + c (*-^)«^) + 

h„ 7 (t) =J*T'lt{t) =-log(l + e 2 ^-) + ^ 1± ^ 1 

—tUQ + t LUj 

lnoYl -4- P 2(t-T 7 )w 7 \ 

^(t) = = lQgll + e 2 l_log(l + e 2 (^)^ + e 2 (^)^)+ta; 6 

^(t) = / ^ 5 ■ #(t) = i [4 log(l + e 2 ^^) - 2 log(l + e (*~^W) 



-2 1 dj 5 — 4 1 u; 7 + £ CJ24] 
:i[-log(l + e 2 ^)^ 
-2 1 cj 5 - 4 i cj 6 + 2 £ u; 7 ] 



^ 4 (t) = jz3 A -H(t) = i [-log(l + e 2( *- T7) ^) + log(l + e 2(t - T6) ^ + e 2 (*-^^) 



(4.18) 



In the first of eq. (j4.18j) we can observe the basic building block for the smooth realization of the 
cosmic billiard behaviour. It is is given by the function: 

G(t\u,r) = -log(l + e^") + ^ (4.19) 

For t — t « 0, that is for asymptotically early times the behaviour of G(t\u, r) is the following 
one: 

G(tkr)^ (4.20) 

which corresponds to the motion of a fictitious ball with constant velocity v = uj/2. For asymp- 
totically late times, namely for £ — r >> 0, we have instead: 

G(f| W) T)~~ (4.21) 

which corresponds to the motion of a fictitious ball with inverted constant velocity v = —uj/2. 
The inversion, namely the bounce occurs in the region t — r ~ 0. Hence it appears that the 
integration constants r, introduced in our solution have precisely the meaning of instant of times 
at which bounces occur. Furthermore each bounce occurs precisely on the the wall orthogonal to 
each root around which we have made compact rotations while using the compensator algorithm. 
On the other hand, the components of the normal form solution (|4.fi|) in the CSA direction 
have the interpretation of components of the velocity vector of the fictitious cosmic ball in the 
asymptotically early times prior to the first cosmic bounce. Each new rotation introduces a new 
bounce. This is illustrated in fig. |H1 where the Cartan fields along the five relevant roots are 
plotted for the solution with three rotations namely in the case of eq. (|4.18)l . Here we clearly see 
three bounces, due to the three rotations introduced. 
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h 2 4 




Figure 3: Plots of the Cartan fields hi(t) = w,- L ■ h(t), as functions of the time in the case of 
three rotations 6* 2 4(t), 7 (t), 9 6 (t) and with the following choice of parameters: u 2 4 = 4, uj 7 = 3.5, 
Uq = 2.5, u 5 = 0, r 6 = —2, r 7 = 0, r 2 4 = 2. It is evident from the plots that there are three 
bounces, exactly at t — — 2 , t — and t — 2. 
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5 Uplifting of F 4 ( 4 ) solutions to E 7 (_ 5 ) and painted walls 



Now that we have obtained explicit solutions of the first order system (j3.15j) by means of the 
compensator method, we can appreciate the role of the paint group, G pain t = SO(3) 3 since rota- 
tions of this latter applied to the F 4 ( 4 ) solution generate non trivial solutions of the differential 
system (|3.1(-jj1. 

To illustrate the mechanism with an explicit and manageable example we consider the F 4 ( 4 ) 
solution based on the three rotations angles #24 (t), 6^(t), 9q{€) for which we have already written 
the time dependence of the Cartan fields in eq. ()4.16|) and we complete it by writing also the time 
dependence of the root components of the tangent vector. In this case the only non vanishing 
root fields are $ i2 and ^3,4,8 respectively associated with the long root a\ 2 = 2?/4 and with the 
short roots 0:343 = 1/2 + 113, 2/1 — 2/3, 2/1 + 3/2- The time dependence of these fields in the considered 
solution is given by: 

( f ~ T 24) "24 



y/2 (1 + e^- 7 " 24 )^ 24 ) 



Sl[<4\(t) 

n[ai](t) 



. 2e (t-r 6 )^6 y /l + e 2(t-r r )w 7 ^ e 2*«r + e 27T«r) UJ 6 - e 2tL ° 7 U 7 ) 
(\ _|_ g2(t-T 6 )^ 6 _j_ e 2(t-r 7 )uj 7 ^ (^2tw 7 _|_ g2T7ii)7j 

_ 2e (t-T 7 )^ 7 ^ 



(l + e 2(t-7T)«r) Jl + 



1+e 2(t-r 7 )^ 7 
e 2 (*— rg) ujq 



9 p (-t+Ta) uja + it-rj) u> 7 

n[o£\(t) = ' 7 (5.1) 

+ e 2(t~T 7 )^ (I _|_ e 2(-t+r 6 )o; 6 (]_ + g2 (t-77) "7)) 

and it is displayed in figlU 

Uplifting this solution to an E 7 (_ 5 ) solution is done by identifying the Cartan and the long 
root fields of the two systems and then by identifying: 

0[aS](t) = Q [a s 3 ](t) 
n[a s 4 ](t) = n Q [ai](t) 
n[a s 8 }(t) = no[ag](0 

(5.2) 

Next we can rotate the so obtained solution with any element of the nine parameter paint group 
SO(3) 3 whose generators are the first nine operators Hj described in eq.s fl2.36j) . For instance we 
can apply a rotation of a constant angle ^5 along the 5-th generator, namely along Et. The 
result putting all-together is given by the Cartan fields in eq. (j4.16|) and by the following root 
fields: 



$[c/ 12 ](o 



(t- T 24) "24 

e 2 a; 2 4 
72 (1 + e (*- T24 )^ 

_2 e (t~T 6 )u (i v / 1 + e 2{t-r 7 )u 7 cos(^) ((e 2iW7 + e 2 77 ^ 7 ) cj 6 -e 2 ' W7 cj 7 ) 

Q _|_ g2 (t-T6) OJ6 _|_ g2 (t—vr) ui 7 \ Sg2tu 7 _|_ g2 770^7^ 
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Phi 12 





-3-2-1 12 3 



Figure 4: Plots of the root fields 3>[cq 2 ](£) an d ^[«3 4s]W as functions of the time in the case of 
three rotations $24(0> ^e{t) an d with the following choice of parameters: u; 2 4 — 4, uij = 3.5, 

Uq = 2.5, u 5 = 0, tq = —2, r 7 = 0, r 24 = 2. It is evident from the plots that the dynamical wall 
causing the bounce at t — 2 is $[a^ 2 ](t) , while the walls for the t — bounce are provided by 
Q and Finally the wall for the t — — 2 bounce is provided by Q[a|](£). 

_ 2e (t-T6)u 6 y/l + e 2(t-r 7 )^ 7 S in( i ^ 3 ) ((e 2tW7 + e 2T7W7 ) cu 6 -e 2 ^ 7 cj 7 ) 

(1 + g2(t-T 6 )a;6 _|_ g2(t-T7)aj 7 ^ ^2^7 _|_ ^Tywr^ 

_ 2e (t-T 7 )u 7 ^ 
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2e (-t+T 6 )u>e+(t-^)u, r cos (j!5 \ 

fio[oS](t) ^ 2 ' 



^/(l + e 2(t-Tr)^7) (1 ZjZ e 2(-t+r 6 )^ 6 (]_ _|_ g 2 (4-77)0.7 )) 
2 e (-t+r 6 )^ 6 + (i-T7)a,7 gi n (jfe W 

fizKK*) = 2 ^ (5.3) 

^/(l + e 2(t-TY)<^) (1 + e 2(-t+r 6 )^ 6 (l_|_ e 2(t-7v)o;7)) 

Inserting eq.s ()4. 16|) and eq.s (|5.3|) into the differential equations (J3.16J) one can patiently verify 
that they are all satisfied for any value of the angle ip^. 

We could continue with more complicated rotations, but the lesson taught by this exam- 
ple should already be sufficiently clear. In this solution the time dependence of f2z[ag](£) and 

f2 [ttg](£) is exactly the same and the ratio of these two fields is the constant factor tan 

Similarly for the fields ^[c^K^) and Oo[a|](t). Hence it appears that the dynamical wal 
which raise and lower and cause the bounces of the cosmological factors are just those displayed 
by the Tits Satake projection of the supergravity scalar manifold, namely, the quaternionic 
manifold F 4(4 )/Usp(6) x SU(2), rather than E 7( _ 5) /SO(12) x SO(3) in D = 3, and after dy- 
namical oxidation to D — 4, the special Kahler manifold Sp(6, R)/SU(3) x U(l) rather than 
SO*(12)/SU(6) x U(l). Indeed as we have pointed out in [T7J and recalled in table|Hltaken from 
[T7j . the Tits Satake projection commutes with the c-map produced by the dimensional reduction 
a la Ehlers and we have the correspondence: 

adj(U D=3 ) = adj(U D=4 )©adj(SL(2,R) E )©W (2)W0 

4 (5-4) 
adj(U^i 3 ) = adj(U£i 4 ) © adj(SL(2, E) E ) © W (2W t S) 

where SL(2,R) E is the Ehlers group coming from the dimensional reduction of pure gravity and 
W denotes the symplectic representation to which vector fields are assigned in D = 4. What is 
actually preserved in the c-map is the paint group G paint . 

Hence the dynamical walls are those associated with the Tits Satake projected model but 
they come, in the true supergravity theory, in painted copies, for instance, within the context of 
our example, the copy Qq and the copy Qz- The paint group rotates these copies into each other. 
The explicit form taken by the diagram (J5.4j) in the worked out example studied by the present 
paper is: 

adj(E 7{ _ 5) ) = adj(SO*(12))©adj(SL(2,M) E )©(2,32 s ) 

^ (5.5) 
adj(F 4 ( 4 )) = adj(Sp(6,M) © adj(SL(2, M) E ) © (2,14) 
The representation 14 of Sp(6, M) is that of an antisymmetric symplectic traceless tensor: 



dim 



s P (6,: 



14 (5.6) 



On the other hand the invariance of the paint group through dimensional reduction and oxidation 
can be easily checked as follows. First of all we note that Gp aint = SO(3) 3 is both a subgroup of 
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# Q-s 




D=4 


D=3 


D=2 


D=l 


Af = 8 


U 


7(7) 


8(8) 


Eg 


Eio 




H 


SU(8) 


SO(16) 


KEg 


KEin 


Af = 6 


U 


SO*(12) 


E-7(-5) 


F A 


E 7 , C! AA 




e 


SU(6) x U(l) 


SO(12) x SO(3) 


ke a , 

7(— 5) 


KE AA s , 

7(— 5) 






Sp(6, R) 


^4(4) 


4(4) 


P AA 

4 ( 4 ) 






SU(3) x U(l) 


Usp(6) x SU(2) 


IV1 4(4) 


IV1 4(4) 




HT 

u 


□ U(J, J- J 


Ee(-i4) 


F A 

^6(-14) 


pAA 
^6(-14) 




TUT 

jni 


ou yoj x uiij 




t^pt a 


T^P AA 




tttTS 


SU(1, 1) 




A 4 


.(!)A 
A 4 




thtTS 
Jni 


TTT1 \ 

U(l) 






Tx-A< 2 ) A 


Af = 4 


U 


b(J(o, n) X bU(l, 1) 


bU(8, n + 2) 


bU(8, n + 2J" 


bO(8, n + 2)'" N 




H 


SO(6) x SO(ra) x U(l) 


SO(8) x SO(n + 2) 


KSO(8, n + 2)" 


KbO(8, n + 2) 


n < 6 


u 


SO(n, n) x SU(1, l) 


O /"\ / I C\ \ C\\ 

SO(n + 2, n + 2) 


SO(n + 2, n + 2) 


SO(n + 2, n + 2) 




Jni 


b<J(n) X bU(n) X U^l) 


bU(n + zj X bU(n + 2) 


i\o\j{n + z,n + zj 


bU(n + 2, n + 2) 


= 4 


U 


SO(6, n) x SU(1, 1) 


SO(8, 8) 


SO(8, 8) 


SO(8, 8) 


n = 6 


H 


b(J(o) X bO(b) X U(l) 


bO(8) X b(J(8) 


KbO(8, 8) 


Kb(J(8, 8) 


Af = 4 


V 


bU(b, nj X bU (1, 1) 


bO(8, n + 2J 


bO(8, n + 2j" 


c/~\/o ^ 1 o\AA 

b(J(8, n + 2j' w " 




H 


SO(6) x SO(n) x U(l) 


S0(8) x SO(n + 2) 


KSO(8,n + 2) A 


KS0(8,n + 2) AA 


n > 6 


U TS 


SO(6,6) x SU(1, 1) 


SO(8,8) 


SO(8,8) A 


SO(8,8) AA 




H TS 


SO(6) x SO(6) x U(l) 


SO(8) x SO(8) 


KSO(8,8) A 


KSO(8,8) AA 


= 3 


U 


SU(3,n) 


SU(4,n + 1) 


SU(4,n + 1) A 


SU(4,n + 1) AA 




H 


SU(3) x SU(n) x U(l) 


SU(4) x SU(n + l) x U(l) 


KSU(4,n + l) A 


KSU(4,n + 1) AA 


Af = 2 


geom. 


SK 


Q 


Q A 


Q AA 




TS[geom.] 


TS[SK] 


TS[Q] 


TS[Q A ] 


TS[Q AA ] 



Table 8: In this table we present the duality algebras Ud in D = 4, 3, 2, 1, for various values of 
the number of supersymmetry charges. We also mention the corresponding Tits Satake projected 
algebras (where they are well defined) that are relevant for the discussion of the cosmic billiard 
dynamics 



SO (12) and of SU(6) as it is easily verified through the subgroup chain: 

S0(12) D SU(6) D SU(4) x SU(2) 

S0(12) D SU(6) D S0(6) x S0(3) 

II U I (5-7) 

S0(12) D SU(6) D S0(4) x S0(2) x S0(3) 

S0(12) D SU(6) D S0(3) x S0(3) x S0(2) x S0(3) 

Secondly we note that the non maximally split coset manifold (|2.1|) appearing in D = 4 has 
dimension 30 and rank 3. This means that out of the 30 positive roots there are three, /3±, (3^ 
and /?3 that are orthogonal to the 3 non-compact Cartan generators. Together with the three 
compact Cartan generators they make up the same SO(3) 3 paint Lie algebra as in the D = 3 
case. Furthermore the remaining 27 non compact roots which together with the 3 non compact 
Cartans span the solvable Lie algebra of Solv (SO*(12)/SU(6) x U(l)) are accounted for in the 
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following way. The Tits Satake projection of SO*(12) is the maximally split Lie algebra Sp(6, R). 
This latter is non simply laced and has 9 positive roots which distribute into 3 long ones (or = 2ej 
(i = 1, . . . , 3) and 6 short ones (a s = e» ± €j, i < j, i,j = 1, 2, 3). Just as in D = 3 the long 
roots of Sp(6,R) correspond to roots of SO*(12) that are singlets under the paint group, while 
the short ones correspond to roots of SO*(12) which arrange into the following 12 dimensional 
representation 

12 pamt = (2, 2, 0) © (2, 0, 2) © (0, 2, 2) (5.8) 

In D = 3 we have 4-copies of the representation 12 paint while in D = 4 we just have 2-copies 
of the same. It is instructive to compare how the total number of roots is retrieved in the two 
cases: 

# of E 7 roots = 63 = ^3^ + + 4 x 12 paint 

compact long 

= ^ + 4^ + 4^ x ( 1 + 3 )so ( 3 )diag 

compact long short /r q\ 

# of SO*(12) roots = 30 = ^ + 3 + 2 x 12 paint 

compact long 

= <£s + ^ + ^ X ( 1 + 3 )sO(3) dlag 
compact long short 

In eq. (jf).9|) the second and fourth lines recall that each of the short roots of either F 4 ( 4 ) or Sp(6, R) 
has 4 preimages in the D = 4 algebra which arrange into a triplet plus a singlet with respect 
to the diagonal subgroup SO(3) diag = G° a j nt . This shows how the structure of the paint group 
filters through the dimensional reduction. We can analyze this phenomenon also at the level of 
the symplectic representation W to which the vector fields are assigned. For the full M = 6 
supergravity model, this representation is the spinorial 32 s of SO*(12). Following the general 
discussion given in our recent paper [TZj, the 32 weights of this representation are in one to one 
correspondence with the roots of E7 which have non vanishing grading with respect to the highest 
root tj) = a [63] in the numbering of appendix El This root set subdivides into 32 = 8 + 24 where 
8 roots are Tits-Satake projected into 8 long roots of F 4 ( 4 ), while 24 are Tits-Satake projected 
into 6 short roots of the same. The 14- dimensional representation of Sp(6,R) is just made by 
these 8 + 6 roots of F 4 ( 4 ) which have non vanishing grading with respect to its own highest root 
ipTS- Indeed, as we have noted in [T7j the Tits Satake projection of the highest root is the highest 
root of the target algebra. 

The above discussion provides the essential tools to perform the dimensional oxidation of 
the solutions we have found to full fledged solutions of supergravity models in D = 4 or even 
in higher dimensions. We do not address this issue in the present paper leaving it for further 
publications where we also plan to provide a systematic analysis of the Tits Satake projection 
for all supergravity theories linking it to the properties of the compactification manifolds. 

We deem that the present detailed case-study has illustrated the role of the dimensional re- 
duction invariant paint group in reducing the study of billiard dynamics to simpler maximally 
split cosets. 
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6 Conclusions 



In this paper we have considered one of the two necessary extensions of the analysis of smooth 
cosmic billiards initiated by us in jB]: that to supergravity theories with lesser supersymmetry 
than the maximal one. The other necessary extension is the further reduction to D < 3 di- 
mensions, which we have recently addressed in by studying the universal field-theoretical 
mechanism of the affine extension. As displayed in the systematic analysis presented by us in 
|17j . lesser supersymmetry involves a general new feature: cosets that are not maximally split 
and correspond to non maximally non compact real sections of their isometry algebra. For these 
cosets the compensator method devised by us in jH] cannot be directly applied. Yet we have shown 
in this paper that the dynamical problem can be reduced, also in these cases, to a problem which 
can be solved with the compensator method. In fact the original system can be reduced to 
a maximally split one, performing the Tits-Satake projection of the original Lie algebra. The 
solutions of the projected system (that can be easily found with the compensator method) are 
also solutions of the complete one. Moreover, we also showed that many other solutions can be 
obtained from these by global rotations of a suitable compact group that we named paint group. 
Although we do not have the general integral for these cases, we showed how to obtain a large 
class of solutions that, probably, are the most relevant from the physical point of view. 
Tits Satake projection of the original Lie algebra has emerged as a central token in discussing 
cosmic billiards for lesser supersymmetry. We have illustrated its role by an in depth analysis 
of a specific example that of Af = 6 supergravity. Through this case-study we were able to 
extrapolate the main general features that apply to all supergravity models and which we plan 
to study systematically in a future publication. In particular we have elucidated the key role of 
the Gp a i n t group, a notion not yet introduced in the literature and leading to the idea of painted 
billiard walls. The main property of G pa i nt is that it commutes with the c-map, namely with 
dimensional reduction. Hence it filters through dimensional oxidation and can be retrieved in 
higher dimensional supergravity. 

The main research line that streams from our results is the analysis of the Tits Satake pro- 
jection and of its kernel (the paint group) in more general contexts, in particular in the context 
of generic special Kahler geometry, of which our case study is also an example (see for instance 
|14j for a review). Furthermore keeping in mind the generic interpretation of the scalar manifold 
■M-scaiar as moduli space for the geometry of the compactification manifold, a Calabi Yau M.cy in 
the case where M. sca iar is special Kahlerian, it is challenging to obtain the interpretation of the 
Tits Satake projection at the level of the compact manifold geometry. This, as already stressed, 
we plan to do in the immediate future. 

It is at the same time quite interesting to consider the interplay between the Tits Satake 
projection and the gauging of supergravity models which is also on agenda. 

As we have illustrated in this paper we can easily obtain smooth realizations of the cosmic 
billiard with several bounces. The number of these bounces, however, is finite, as long as we 
deal with finite algebras, namely as long as we discuss higher dimensional configurations from a 
D = 3 perspective. This is so because bounces are created, as we have shown, by compact group 
rotations along different generators and there is a finite number of them if the number of roots is 
finite. In order to see infinite bounces and may be chaos we have to have infinitely many roots, 
namely we have to look at higher dimensional supergravity from & D = 2oiD = l perspective. 
This requires to consider the affine or hyperbolic Kac-Moody extensions which we have addressed 



40 



in the recent paper [T7]. Yet, as touched upon there and readdressed in the present example here, 
the Tits Satake projection commutes with the affine extension and in general with dimensional 
reduction, which preserves the structure of the paint group G pa i nt . Hence a door has been open 
how to paint walls and roots also in Kac-Moody algebras. 
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A Listing the positive roots of E7 

Listing of all positive roots of E7. The first column gives the Dynkin label, the last gives the 
euclidean components of the root vectors 



a[l] 


= 


{1,0,0,0,0,0,0} 


— 


{1,-1,0,0,0,0,0} 




a[2] 


— — 


{0, 1,0,0,0,0,0} 


= 


{0,1,-1,0,0,0,0} 




a[3] 


= 


{0,0, 1,0,0,0,0} 


— 


{0,0,1,-1,0,0,0} 




a[4] 


— 


{0,0,0,1,0,0,0} 


= 


{0,0,0,1,-1,0,0} 




l"rl 

a [5] 


= 


{0, 0, 0, 0, 1, 0, 0} 




{0,0,0,0,1,-1,0} 




a[6] 




{0,0,0,0,0, 1,0} 




{0,0,0,0,1,1,0} 




a[7] 


— 


{0,0,0,0,0,0, 1} 


— 


f 1 1 1 1 

1 2 ' 2 ' 2 ' 2 ' 


1 111 

2' 2' V2-" 


a[8] 


= 


{1,1,0,0,0,0,0} 


— 


{1,0,-1,0,0,0,0} 




a[9] 


= 


{0,1,1,0,0,0,0} 


= 


{0,1,0,-1,0,0,0} 




T-i r\~\ 

a [10] 


= 


{0,0,1,1,0,0,0} 


= 


{0,0,1,0,-1,0,0} 




r -1 -1 1 

a [11] 


— 


{0,0,0, 1, 1,0,0} 


— 


{0,0,0,1,0,-1,0} 




a [12] 


— 


{0,0,0,1,0,1,0} 


— 


{0,0,0,1,0,1,0} 




a[13] 


— — 


{0,0,0,0,0, 1, 1} 


= 


r 1 1 1 11 

I 2' 2' 2' 2' 2' 


1 1 1 

2' V2-" 


a [14] 


— 


{1,1,1,0,0,0,0} 


— 


{1,0,0,-1,0,0,0} 




a [15] 




{0, 1, 1, 1, 0, 0, 0} 




{0,1,0,0,-1,0,0} 




a[16] 


— 


{0,0, 1, 1, 1,0,0} 


— 


{0,0,1,0,0,-1,0} 




r-i 1-71 

a [17] 




{0, 0, 1, 1, 0, 1, 0} 




{0,0,1,0,0,1,0} 




a[18] 




f A A A 1 /"I -I 

{0, 0, 0, l, 0, l, 1} 




r 1 1 11 11 1 \ 

L 2' 2' 2' 2' 2' 2' y^J 


a[19] 


— 


{0,0,0, 1, 1, 1,0} 


— 


{0,0,0,1,1,0,0} 




0: [20J 




{1, 1, 1, 1, 0, 0, 0} 


= 


{1,0,0,0,-1,0,0} 




a [21] 




{0, 1, 1, 1, 1,0,0} 




{0,1,0,0,0,-1,0} 




Tool 

a [22] 




{0, 1, 1, 1, 0, 1, 0) 




{0,1,0,0,0,1,0} 




a [23] 




{0,0,1,1,0,1,1} 




r 1 11 1 1 
I 2' 2' 2' 2' 2' 


1 -M 

2' 


a [24] 




{0,0,1,1,1,1,0} 




{0,0,1,0,1,0,0} 




a [25] 




{0,0,0,1,1,1,1} 




r 1 1 111 

I 2 ' 2 ' 2 ' 2 ' 2 ' 


2' v^ 1 


a [26] 




{1,1,1,1,1,0,0} 




{1,0,0,0,0,-1,0} 




a [27] 




{1,1,1,1,0,1,0} 




{1,0,0,0,0,1,0} 




a [28] 




{0,1,1,1,0,1,1} 




r 1 1 1 1 1 

I 2 ' 2 ' 2 ' 2 ' 2 ' 


i — 1 

2' V2J 


a [29] 




{0,1,1,1,1,1,0} 




{0,1,0,0,1,0,0} 




a [30] 




{0,0,1,1,1,1,1} 




r 1 11 11 

I 2 ' 2 ' 2 ' 2 ' 2 ' 


1 1 1 

2' V2-I 


a [31] 




{0,0,1,2,1,1,0} 




{0,0,1,1,0,0,0} 
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{1,1,1,1,0,1,1} = 

{1,1,1,1,1,1,0} = 

{0,1,1,1,1,1,1} = 

{0,1,1,2,1,1,0} = 

{0,0,1,2,1,1,1} = 

{1,1,1,1,1,1,1} = 

{1,1,1,2,1,1,0} = 

{0,1,1,2,1,1,1} = 

{0,1,2,2,1,1,0} = 

{0,0,1,2,1,2,1} = 

{1,1,1,2,1,1,1} = 

{1,1,2,2,1,1,0} = 

{0,1,1,2,1,2,1} = 

{0,1,2,2,1,1,1} = 

{1,1,1,2,1,2,1} = 

{1,1,2,2,1,1,1} = 

{1,2,2,2,1,1,0} = 

{0,1,2,2,1,2,1} = 

{1,1,2,2,1,2,1} = 

{1,2,2,2,1,1,1} = 

{0,1,2,3,1,2,1} = 

{1,1,2,3,1,2,1} = 

{1,2,2,2,1,2,1} = 

{0,1,2,3,2,2,1} = 

{1,1,2,3,2,2,1} = 

{1,2,2,3,1,2,1} = 

{1,2,2,3,2,2,1} = 

{1,2,3,3,1,2,1} = 

{1,2,3,3,2,2,1} = 

{1,2,3,4,2,2,1} = 

{1,2,3,4,2,3,1} = 

{1,2,3,4,2,3,2} = 



rl _l _l _l _l l 1 -j 

l2' 2' 2' 2' 2' 2' v^J 

{1,0,0,0,1,0,0} 

r_i i _i _i i _i i -j 

l 2' 2' 2' 2' 2' 2' v^J 

{0,1,0,1,0,0,0} 

r_i _i i i _i _i i -i 

l 2' 2' 2' 2' 2' 2' v^J 
rl _1 _1 _1 1 _1 1 i 

12' 2' 2' 2' 2' 2' v^J 

{1,0,0,1,0,0,0} 

r_i i _i i _i _i i 

l 2' 2' 2' 2' 2' 2' v^J 

{0,1,1,0,0,0,0} 

rl _l 1111 1 ] 

L 2' 2' 2' 2' 2' 2' v^J 
rl _1 _1 1 _1 _1 1 -j 
12' 2' 2' 2' 2' 2' 72-1 

{1,0,1,0,0,0,0} 

rl 1 _1 111 J_\ 

L 2' 2' 2' 2' 2' 2' v^-" 
r_l 1 1 _1 _1 _1 1 -j 
L 2' 2' 2' 2' 2' 2' v^J 
rl _1 _1 111 1 1 
12' 2' 2' 2' 2' 2' v^J 
rl _1 1 _1 _1 _1 1 -j 
12' 2' 2' 2' 2' 2' v^J 

{1,1,0,0,0,0,0} 

r_l 1 1 _l 1 1 1 -j 
L 2' 2' 2' 2' 2' 2' v^J 
rl _1 1 _1 1 1 1 -j 
L2' 2' 2' 2' 2' 2' v^J 
rl 1 _1 _l _1 _1 1 -j 
L2' 2' 2' 2' 2' 2' 
r_l 111 _1 1 1 1 
L 2' 2' 2' 2' 2' 2' v^J 
rl _1 1 1 _1 1 1 i 
12' 2' 2' 2' 2' 2' v^J 
rl 1 _1 _1 1 1 1 -1 
12' 2' 2' 2' 2' 2' 
r_l 1111 _1 1 l 
I 2' 2' 2' 2' 2' 2' 
rl _1 111 _1 1 l 
12' 2' 2' 2' 2' 2' v^J 
rl 1 _1 1 _1 1 1 i 
L2' 2' 2' 2' 2' 2' v^J 
rl 1 _1 1 1 _1 1 i 
L2' 2' 2' 2' 2' 2' v^J 
rill _1 _1 1 1 -i 
L2' 2' 2' 2' 2' 2' v^J 
rill _1 1 _1 1 i 
L2' 2' 2' 2' 2' 2' v^J 
rl 1 1 1 _1 _1 1 i 
L2' 2' 2' 2' 2' 2' v^J 
rl 1 1111 1 1 
12' 2' 2' 2' 2' 2' v^J 

{0,0,0,0,0,0,^} 
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B Explicit construction of the fundamental and adjoint 
representation of F 4 ( 4 ) 

The semisimple complex Lie algebra F4 is defined by the Dynkin diagram in figure El and a set 
of simple roots corresponding to such diagram was provided in eq. ([2.18|) . A complete list of the 
24 positive roots was given in table ^ The roots were further subdivided into the set of 12 long 
roots and 12 short roots respectively listed in table |2] and El where their correspondence with E7 
roots was spelled out. The adjoint representation of F4 is 52-dimensional, while its fundamental 
representation is 26-dimensional. This dimensionality is true for all real sections of the Lie algebra 
but the explicit structure of the representation is quite different in each real section. Here we 
are interested in the maximally split real section F 4 ( 4 ). For such a section we have a maximal, 
regularly embedded, subgroup SO(5,4) C F 4 ( 4 ). The decomposition of the representations with 
respect to this particular subgroup is the essential instrument for their actual construction. For 
the adjoint representation we have the decomposition: 

52 S ^% 4) © ^16, (B.l) 

adj f 4{4) adj so(5,4) spinor of so(5,4) 

while for the fundamental one we have: 

S0^4) ^ ^ (B2) 

fundamental f 4(4) vector of so(5,4) spinor of so(5,4) singlet of so(5,4) 

In view of this, we fix our conventions for the SO(5,4) invariant metric as it follows 

7]ab = diag {+, +, +, +, +, -, -, -, -} (B.3) 

and we perform an explicit construction of the 16 x 16 dimensional gamma matrices which satisfy 
the Clifford algebra 

{V A ,V B } = r lAB l (B.4) 
and are all completely real. This construction is provided by the following tensor products: 

= 01 © 03 © 1 © 1 

= cr 3 © 03 © 1 © 1 

= 1 © 0i © 1 © 0i 

= 1 © 01 © 01 © 03 

= 1 © 0i © cr 3 © cr 3 

= 1 © i0 2 © 1 © 1 

= 1 © 0i © i 02 © 03 

= 1 © 0i © 1 © i0 2 

= i0 2 ©0 3 ©l©l (B.5) 



^ = ( 1 (B.6) 
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Moreover we introduce the C+ charge conjugation matrix, such that: 

f ; CJ = 1 



c 4 



C + Y A C + = (T A f (B.7) 
In the basis of eq. ()B.5j) the explicit form of C + is given by: 

C+ = i a 2 ® o"! g) i (j 2 <8> o"i (B.8) 
-<^ba of the pseudorthogonal algebra SO (5, 4) satis- 



Then we define the usual generators Jab = 
fying the commutation relations: 

[Jab , Jcd] = Vbc J ad — Vac Jbd — VbdJac + VadJbc 
and we construct the spinor and the vector representations by respectively setting: 



J 



CD 



I [To , r D ] 



CD) A 



VcaSd - VdaS, 



c 



(B.9) 



(B.10) 



R A 

— e are 



In this way if v A denote the components of a vector, £ those of a real spinor and e AB 
the parameters of an infinitesimal S0(5, 4) rotation we can write the SO(5,4) transformation as 
follows: 

,B 



$so( 5 ,4)V A = 2e AB v" ; 8 so{5A) £ = | e AB T AB £ (B.ll) 
where indices are raised and lowered with the metric (IB. 31). Furthermore we introduce the 



conjugate spinors via the position: 

£ = £ T C + (B.12) 

With these preliminaries, we are now a position to write the explicit form of the 26-dimensional 
fundamental representation of F 4 ( 4 ) and in this way to construct also its structure constants and 
hence its adjoint representation, which is our main goal. 

According to eq. (|B.1J) the parameters of an representation are given by an anti-symmetric 
tensor €ab and a spinor q. On the other hand a vector in the 26-dimensional representation is 
specified by a collection of three objects, namely a scalar 0, a vector v A and a spinor £. The 
representation is constructed if we specify the F 4 ( 4 ) transformation of these objects. This is done 
by writing: 



H 4(4) 



/ \ 

VA 



= [e AB T AB + qQ] 



( <p \ 

va 
\^ J 



( 



\ 



2e AB v B + aqT A £ 
\ \e AB T AB - 30g - \v A Y A ^ ) 



(B.13) 



where a is a numerical real arbitrary but non-null parameter. Eq. (jB.13|) defines the generators 
Tab and Q as 26 x 26 matrices and therefore completely specifies the fundamental representation 
of the Lie algebra F 4 ( 4 ). Explicitly we have: 



T 



ab 












\ 







TV 

J AB 





(B.14) 








J AB 


J 
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and 





f 










Qa 












V 


-3*2 


-\ ( r s)f 






\ 



(B.15) 



and the Lie algebra commutation relations are evaluated to be the following ones: 

Vbc Tad — Vac Tbd — VbdTac + VadTbc 
\ Tab Q 

4 < c+rA % r - 



[TlB > ^cd] 

[Tab , Q] 



[Qa , Qp] 



'-AB 



(B.16) 



Eq. (jB.16|) . together with eq.s ()B.5|) and eq. ()B.7|) provides an explicit numerical construction of 
the structure constants of the maximally split Fau) Lie algebra. What we still have to do is to 
identify the relation between the tensorial basis of generators in eq. (|B.16J) and the Cartan-Weyl 
basis in terms of Cartan generators and step operators. To this effect let us enumerate the 52 
generators of in the tensorial representation according to the following table: 



fix = 


T 12 


n 2 = 


T13 


n 3 = 


T M 


n 4 = 


T15 


^5 = 


Tie 




Tl 7 


n 7 = 


Tig 


fi 8 = 


T19 


^9 = 


T23 


Oxo — 


T24 


fin = 


T25 


Ol2 = 


T26 


«13 = 


T27 


f2 i4 = 


T28 


^15 = 


T29 


^16 = 


T34 




T35 


Q 1S = 


T 36 


Qig = 


T37 


^20 = 


T38 


n 2 i = 


T39 


V 2 2 = 


T45 


^23 = 


T46 


^24 = 


T47 


^25 — 


T 4 8 


^26 — 


T 4 g 


^27 = 


T56 


^28 — 


T57 


^29 — 


T 58 


^30 — 


T59 


^31 = 


T67 


^32 — 


T68 


^33 = 


T69 


^34 — 


T78 


^35 — 


T79 


^36 = 


Tsg 


^37 = 


Qi 


^38 = 


Q2 


^39 = 


Qs 


^40 = 


Q 4 


^41 = 


Q 5 


f^42 = 




^43 = 


Qi 


f^44 = 


Q 8 


f2 45 = 


Q9 


^46 — 


Qw 


^47 = 


Qn 


^48 = 


Qn 


f^49 = 


Ql3 


^50 — 


QlA 


f2 5 i = 


Ql5 


^52 = 


Qw 



(B.17) 



Then, as Cartan subalgebra we take the linear span of the following generators: 

CSA = span (Q 5 , Q 13 , f2 2 o , ^26) 
and furthermore we specify the following basis: 



Hi 

n 3 



oh 

^20 



^13 

Kfi 26 



^2 
7^4 



^5 — ^13 
^20 — ^26 



(B.18) 



(B.19) 



With respect to this basis the step operators corresponding to the positive roots of as ordered 
and displayed in table ^ are those enumerated in table EJ The steps operators corresponding to 
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name 


Dynkin lcib 


comp. root 


step operator i?" 7 = 


ra[lj 


\ X, U, U, U/ 


—yi 


— 2/2 


— 2/3 


+ 2/4 




t, — ^^3 — "8 ~r "23 "33 J 








-To i n ru 












[ ' ' ■ 1 i ■ — 1 Mi —1— \ /or -4— \ /.Of; ) 






ro[3] 


{0, 0, 1, 0} 


7/o — 


lit 








Q O — r- \ / /1 1 — U^o —1— ,\ /, ,1 d — ,\ /, /I T — 1— \ / 


49 + £^5l) 


L J 


{0,0,0,1} 


yi — 


2/2 








(Cn + H2s) 






to [5] 


{1,1,0,0} 


— 2/1 


— 2/2 


+ 2/3 


+ 2/4 




~75 (~si2 + + fiis + n 32 ) 






TO [6] 


{0, 1, 1, 0} 


no 4- 


lit 






V2 1 38 


~~ £^40 *4~ — O44 -\- £"^45 — £~^48 


- ^50 


-n 62 ) 




in n i ii 

\ u > U, -L, J- J 


2/1 ~ 


.'/.:-! 






l "37 


O on i.Oi, o,,,_i_o,_ 

5 ^39 \ 1 £ 41 1 £ 43 1 1 '45 1 ^47 


SI49 — 


^51) 


1*7 [8] 


11 1 1 01 


— 7/1 








_ I ff2„„ + 
2 V Jo t 


a I A n — ,\ I A —1— £ I a A -1— S Lac — \laq — 


f^50 — 




L J 


{0, 1, 2, 0} 


2 2/2 










-\ (n-i + n 6 + 0i2 - ^31) 






ro[10] 


{0,1,1,1} 


2/1 + 


2/3 








- ^40 + S^42 — ^44 + Q4Q — Q48 - 


'^50 H 


-n 52 ) 


TO[ll] 


{1,1,2,0} 


— yi 


+ 2/2 


— 2/3 


+ 2/4 




_ 2^/2 (^ 10 _ ^35) 






ra[12] 


{1,1,1,1} 


~V2 


+ 2/4 






— 2 (—^38 - 


- 1^40 — ^42 H~ ^44 + f^46 — ^48 ~ 


"^50 - 


-n 62 ) 


ro[13] 


{0,1,2,1} 


yi + 


1)2 








— L (n 4 + n 27 ) 

V2 v ' 






itj[14] 


{1, 2, 2, 0} 


— yi 


+ 2/2 


+ 2/3 


+ 2/4 




-3 (-Q9 + SI14 + Qig + SI34) 






to [15] 


{1,1,2,1} 


—yz 


+ 2/4 








-i (SI22 - n 30 ) 






ro[16] 


{0,1,2,2} 


2 2/1 










-i(ni-n 6 + ni2 + n 3 i) 






ra[17] 


{1,2,2,1} 


2/3 + 


2/4 








" -^(ni 7 + n 29 ) 






ro[18] 


{1,1,2,2} 


2/1 - 


2/2 - 


2/3 + 


2/4 










ro[19] 


{1,2,3,1} 


2/2 + 


2/4 








- SI40 + n 4 2 + SI44 + n 4 6 + n 4 g - 


t-fiso- 


-n S2 ) 


ra[20] 


{1,2,2,2} 


yi - 


2/2 + 


2/3 + 


2/4 


— J ( — Hg + SI14 — SI19 — C34) 






ro[21] 


{1,2,3,2} 


2/1 + 


2/4 






-27f("^8 


+ O40 + SI42 + f?44 + n 4 6 + SI48 


- 5150 


+ n 52 ) 


ro[22] 


{1,2,4,2} 


2/1 + 


2/2 - 


2/3 + 


2/4 


-i(n 3 +Sl8+Sl23-n 3 3) 






to [23] 


{1,3,4,2} 


yi + 


2/2 + 


2/3 + 


2/4 




"473 (^2 - n 7 + nis + n 32 ) 






ra[24] 


{2,3,4,2} 


2 J/4 










— g (f2l6 + f^21 + SI25 — SI36) 







Table 9: Listing of the step operators corresponding to the positive roots of F 4 ( 4 ). 

negative roots are obtained from those associate with positive ones via the following relation: 

E~ m = -CE m C (B.20) 
where the 26 x 26 symmetric matrix C is defined in the following way: 





( 


1 








\ 


c = 





?7 







V 








c + 


J 



A further comment is necessary about the normalizations of the step operators E m which are 
displayed in table El They have been fixed with the following criterion. Once we have constructed 
the algebra, via the generators (jB.14|) . (jB.15|) . we have the Lie structure constants encoded in 
eq. (jB.16|) and hence we can diagonalize the adjoint action of the Cartan generators (jB.19|) finding 
which linear combinations of the remaining generators correspond to which root. Each root space 
is one-dimensional and therefore we are left with the task of choosing an absolute normalization 
for what we want to call the step operators: 

E m = A ro (linear combination of lis) (B.22) 
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The values of \ m are now determined by the following non trivial conditions: 

1. The differences HP = (E™ 1 — E~ mi ) should close a subalgebra EI C F^u\, the maximal 
compact subalgebra SU(2)r x Usp(6) 

2. The sums E? = 4g (E ZUi + E^™*) should span a 2 8- dimensional representation of H, namely 
the aforementioned (2, 14) of SU(2) R x Usp(6) 

We arbitrarily choose the first four A ro associated with simple roots and then all the others are 
determined. The result is that displayed in table El Using the Cartan generators defined by eq.s 
(|B.19|) and the step operators enumerated in table El one can calculate the structure constants of 
F 4 ( 4 ) in the Cartan- Weyl basis, namely: 

[ni,Hj] = o 

[Hi , E™} = w i E™ 
[E™ , E~™\ = w ■ H 

{ E m ; E ^ = E ^+^ (B 23 ) 

in particular one obtains the explicit numerical value of the coefficients A4j i)roj , which, as it is 
well known, are the only ones not completely specified by the components of the root vectors in 
the root system. The result of this computation, following from eq. (jB.16j) is that encoded in eq.s 
flUEl I2~I31 I2~5r7jl of the main text. 

As a last point we can investigate the properties of the maximal compact subalgebra SU(2) x 
Usp(6) C F 4 ( 4 ). As we know a basis of generators for this subalgebras is provided by: 

Hi = (E^ - E~ m ) ; (i = 1, . . . , 24) (B.24) 

but it is not a priori clear which are the generators of SU(2)r and which of Usp(6). By choosing 
a basis of Cartan generators of the compact algebra and diagonalizing their adjoint action this 
distinction can be established. The generators of SU(2)r are the following linear combinations: 

Jx — — 7= (Hi — Hu + H 2 o — H22) 
4V2 

Jz = ^=(-H 2 + H 9 -H m -H 2 ±) (B.25) 

close the standard commutation relations: 

[Ji , Jj] = eijk Jk (B.26) 
and commute with all the generators of Usp(6). These latter are displayed as follows. 

nj{Usp<3) _Hz _fl, , _ffiB _ H24 

1 L l 2 2 ' 2 2 

n (Us P 6) = _H± + H± + H^ + H^ (B.27) 

nj{Usp6) _ H2 1 Hg , Hjs _ H24 
rl 3 — 2" t "2" t "2 2 
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are the Cartan generators. On the other hand the nine pairs of generators which are rotated one 
into the other by the Cartans with eigenvalues equal to the roots of the compact algebra are the 
following ones 



Wi 


= H w 


Zi 


= H 7 




w 2 


= H 4 


Z 2 


= —His 




w 3 


= H 6 




H: 




w 4 


= —Hi + H 14 + if 20 — H 2 2 


z 4 


= -//:, 


— Hn — H 18 + H 2 3 


w 5 


= H 2 i 


z, 


= -H 8 




w 6 


= Hi + H14 + H 2 o + H22 


Zz 


= H 5 - 


Hn — His — H23 


w 7 


= —Hi — H u + H 2 o + H 2 2 


z 7 


= H 5 - 


Hn + His + H 2 3 




= Hn 


Z 8 


= Hi 5 




w 9 


= H12 


z 9 


= Hig 





(B.28) 
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